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Abstract. In [1] we preseited a model of condensedphasecombustion which attemptsto
elucidde the effects of spatiallylocalized readion siteson the propagtion of a comhustion
wave. Heattransferwasassumedo be uniform but the exothermicreactiors areallowed to
ocaur only atevenly distributedlocaions. Under certainsimplifying assumptionsve shaved
thatthe propajation of a one dimensioml comhustionwave throughsucha medium may be
describedby a history dependent iterative mapf™: R* | R?! which relatesthe times of
all previous particleignitions to the time of the next ignition. In this paper we conside the
propajation of a two dimensionhwave througha channel. For a propagting wave which is
semi-plangrwe shav that the dynamicsof the cortinuoussystemmay be representedyy a
historydependert mapsimilarto f~. Iterationof this mapdemamstrateghe existenceof awide
variety of traveling waves. Furthermorea linear stability andysis similar to thatin [1] shavs
that steadyplanarwaves undergo a perioddoubling bifurcationasthe systemtransitionsto a
region of bi-stability in which chadic belavior is obsenred.
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1. Intr oduction

Condenseghasecomlustion is a comple« phenomenoif theoreticalandpracticalinterest,
in particulr, as a method to synthesizematerials [2,3]. This comlustion synthesis
processnvolvesa self-sustained¢omlustionwave which propagtesthroughinitial reactants
corvertingtheminto adesiredproduct.In condensephasecomhustiontheinitial reactantsas
well as nal, andpossiblyintermedate productsemainin the condenseghasethroughout
thereaction.

Thoughthecomhustion proces®ccursin aheterogeneousiediumcomposeaf reactve
particles,typical modelsof condenseghhasecomlustion treatthe mediumashomogeneous
[4—6]. This'quasi-hanogeneousapproachs valid undertheassumptiorthatall spatialscales
of the problem,including the smallestone (the scaleof the reactionzone),are muchlarger
thanthe diameterof the particlesof which the mediumis composed.

The rst studyto discusghevalidity of thequasi-homogenesapproach7] considered
an idealized medium composedof thin alternatingplatesof reactants. Thermal contact
betweenthe plateswas assumedo be perfectand the comhustion wave was assumedo
propagte alongthe plates. The validity of the quasi-homogeneouspproachwas veri ed
undertheseconditiors, however, littl e work hassincebeendoneto verify this approactfor a
mediumof a morecomple structureor onein which thermalcontactis imperfect.

Indeed, recent experiments using high speed, high resolution thermal photograpk
shav that macroscopicallysteadyfronts exhibit a high degreeof variability on the scaleof
individual particleg[8, 9]. Moreover, thelengthof boththepreheakzoneandthereactionzone
have beenshawvn, in somecasesto be on the orderof just a few particlediameters.In this
case,the applicability of quasi-homogneousanodelsis problenatic. To modelsolid ame
microstricture, a micro-heterogeneoumodel was proposedin [10] in which comhustide
particlesareassumedo lie ona Cartesiargrid andtransfetheatto adjacenparticles.Particles
areassumedo be squarewith roundedcornersand desiredpackingdensityis achieved by
removing randomlyselectedparticlesfrom the grid. This modeldemonstras mary of the
featureobsenredin experimens, but canonly be analyzedhrough numericalsimulation

Another recentattemptto model theseexperimentalresultswas presentedn [11,12]
whereanidealizedmediumsimilar to thatof [7] wasconsideredUnlike the previous study
theseauthorssupposedhatthecomlustionwave traveledfrom layerto layerratherthanalong
the layers. Solutiors were investicgated numertally, and also demonstated mary features
seenin experiments[8,9]. In particular the authorsnotedthat an increasein the scaleof
heterogeneitycorrespondgo a transitionfrom quasi-honegeneoussolutions,typi ed by a
reactionzonewhich containgnary particles(layers),to arelay-raceaegime,typi ed by super
adiabaticcomlustion, areactionzoneon the orderof a singleparticlediameteranda highly
variableinstantaneousomhustion velocity.

In [1] we proposeda simplemodelof condenseghasecomhustion which incorpoited
mary of the featuresof the micro-hetergeneousand layeredmodels, but allowed for an
analyticalstudy We assumedhatthe primary mechanisnwhich leadsto the highly varying
front is the restrictionthat exothermicreactionsonly occur within individual comtustibe
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particles. Thus we utilized the quasi-homogeneouassumptionfor the purposesof heat
transfer but supposedhat heatgeneration(exothermc chemicalcornversion) occursonly
at discretelocations. We considerednly the propa@tion of a wave in one dimensionand
notedthatthis correspondso a layeredheterogeneousiediumsimilar to that consideredn
[11,12]. The additional assumptiorthat the reactioninitiatesat someignition temperature
allowedfor thedynamicgo bereducedo a historydependenimplicit mapwhich determines
the time to the ignition of the next particle baseduponthe ignition times of all previously
ignited particles. This approachexplicitly formalizedthe “discrete” natureof comhustionin
a heterogeneousiediumobsened in experimentsand simulatiors. We further shaved that
averagecomhustionspeedcanbe calculatedrom modelparameterandthatalinear stability
analysismay be performedwhich demonstratethatthis systemundegoesa perioddoubling
bifurcation cascadéo chaosandsubsequergxtinction.

Herewe extendthis approacho comhustion wavesin two spatialdimensions Reactant
particlesarenow assumedo becenteredattheverticesof eitherahexagonalor squardattice,
andwave is assumedo propagte througha sampleof nite width with either periodicor
insulationboundaryconditions. Onceagain, the dynamicsof the systemare reducedto a
history dependeniterative map. If the width of the sampleandlocationsof the boundaries
relative to grid points are carefully chosen,steadyplanarsolutionsmay be generated.As
the primary bifurcationparameteis increasedheseplanarsolutionsbecomeunstableanda
regions of bi-stability and chaosmay be found. Map iterationdemonstratethat the initial
bifurcation is period doubling and linear stability analysisis usedto determinestability
boundaries. Additionally, if boundarylocationsare chosenwhich breakthe symmetryof
thesamplewe shav thatonly non-planar(but possiblysteady)solutionsexist.

2. The Model

As in [1] we considerthe burning of atwo componensystemin which sphericalchemically
active particles(which containboth fuel andoxidizer) restin anotherwiseinert medium In
orderto simplify the modelandfocuson the effectsof spatiallylocalizedreactionsiteswe
make a numberof simplifying assumptionsFirst, we assumehat thermaldiffusivity of the
active particlesin identicalto thatof theinert medium. Next, asin the micro-heteogeneous
model[10,13], we let |y be someignition temperaturej.e. a particle startsto reactif the
temperaturat a pointin the particlereachesometemperaturgy . Finally, welet” besome
averagedegreeof cornversionassociateavith an entirecomtustible particle. Thusif actve
particlesmaybeindexedby somei 2 | p Z2? we maymodelcomlustion microstructirewith
nondimensioal equations

X d, . .
%‘; rp= 2 i g ) (2.1)
d’

Ve ) de

= CfC)HM T W), (2.2)
<
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K(¢) = max p(»¢é); (2.3)
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wherep is temperatug, "; is the degreeof corversionof the particlei 2 | ¥ Z2, |; is the
locationof the particlecenter 2 givesmeanparticlesradiusandjV:j is meanparticlevolume,
f (") givesthe reactionkinetics of an entire particle and H (») is the Heaviside function
Nondimensioal modelparameterarecalculatedy assuminghattherelevantspatialscaleis
thatof inter-particledistanced andthe relevanttime scaleis thatof heatdiffusionassociated
with thislength. Thusmodelparameterarerelatedto physical parameterdy thefollowing

° 1=2 R
d = 2rp -t 2 = = DV = %
X = d» t = £ ° = k¥ (2.4)
W= 22 (T To); T = L2p+ Ty

"t Qo

wherex andt arethe original, dimensionalspatialandtemporalvariables, zis the sample
density ¢, is the speci c heat, - is the heatdiffusivity of the mixture, "¢ is the volume
fractionof comhustide particles Qg is heatreleaseT, is theinitial temperaturef thesample,
r¢ is the meanradiusof the comtustide particles,” nax is the maximumvolume fraction
associatedvith a packingin which spheresare centeredat lattice pointsl;, and T, is the
ignition temperaturef thereaction.

The dimensiomess parameterf the model are: ignition temperaturey, 2 (0;1),
“particle radius”? 2 (0;1=2), andthe ratio of diffusion time to reactiontime which can
bethoughtof asa nondimensionateactionrate® > 0.

We now introduceg; asthetime atwhich particlei ignites,i.e. 5(¢i) = W . Thisallows
for thereplacemenof H (s i W) withH (¢ i ¢). EQ. 2.2maynow besolved,i.e.

O = ei arHE o) 25)

o F()
This solutionfor “; may beusedin Eq. 2.1 renderingit linearandthussolvableby Greens
functions. We de ne G:'.(»; ¢j»; éo) asthe free-spacesolutionassociateavith the ignition

of asingleparticlecenteredht» whichignitesattime ¢y, sothat
Z.27

H( i é) ¢

JBZ(»O)J 0 B2 (»)
whereGy is thefree-spacésreens function solutionto the heatequation B:(>y) is a ball of
radius2 centeredat », and” (9 is givenby Eqg. 2.5. For example,if we considera zeroth
orderreactionf (") = H(1j ") with2 = 0O, thenEq. 2.6reducego

%

. Cod
G2.(» ¢ éo) = Go(»; ¢ &9 d—(;dvod(;o (2.6)

o M

G® (». iy ..)_ H( )—El 1: j»i »sz . H( . . oil)o_Ei 1: j»i »sz
<0\ 5 do) = AL o 4y, "2 ) i Hei doi v, "4 @i °1Y)

(2.7)

R

, € X=t"dtistheexponentiaintegral. Thetemperatureeld is therefore

whereEi (n; x) =
givenby
X _
M e) = Goa(» ¢l a); (2.8)

i21
andtheignition timessatisfythe conditions

Ui Y= w: i21 1272 (2.9)
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and
(o) < W 8o<a; i21%Z%: (2.10)

Egs. 2.9 and2.10de ne theignition time ¢; asthe r st time at which a point within fuel
particlei reacheghe ignition temperature.This represents completesystemof non-linear
equationdor theunknavns ¢; which maybe solved numerically
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Figure 1. A sectionof thein®nite samplewith a hexagaal grid on which a combustionwave
propajatesupward. Herem = 12. Note that particlesindexes snale from left to right and
thenfrom right to left. Thisis doneon the hexagoral grid sothata singlemapiterationmay
correspod to themavemant of the front acrossa singlelayer.

So far we have assumedhat comhustion occursin free-space.We now considerthe
propagtion througha channelwhich is m particlesacross. Finite samplewidth allows for
particlesto be indexed by i 2 Z sothat particle centersaregivenby I; = (X;;y;). Ona
hexagonalgrid (Fig. 1) particlelocationsaregivenby

8

< modp, (i) for modym, (1) < m
Xi =
m i modn (i) i % for modam (i), m (2.11)
P
Yi = i b

while on a Cartesiargrid particlelocationsaregivenby

Xi = modpn (i)

: 2.12
yi = ib g6 (212)

Heremod,, (i) givestheremainderof i=m, bi=mc givesthe nearestntegerequalto or belov
i=m, andx andy referto horizontalandverticle axisrepsectrely.

Insulation or periodc boundary conditions may be enforced (on both grids) by
applicationof the methodof images. For exampleif boundaryconditionsare periodicin

asampleof width m then
X
HOGY;e) = Gea(XYséiXinYiid) (2.13)

Ppp—
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where
X

Gea(Xiy;eiXisyina) = Gea(Xy;éixi + mkiyi;é): (2.14)
k22
Similarly, if theleft andright boundaresarelocatedatx = a andx = brespectrely,
wherej 1=2 - a- Oandmj 1=2- b- monthehexagonalgridorj 1- a- Oand
mi 1- b- montheCartesiargrid, thenno- ux boundaryconditiors aresatis ed by

Ge2(X; Y; &JXin Vis éi)

Ps
= Gl.(Xy;di Xi+ b+ 2k(bi a);yi;a)

k=1
X
+ Gl.(%Y;éji xi+ai 2k(bi a);yi;d)
k=1
X
+ Go (X y;eixi + 2k(bi a);yi; é): (2.15)
k=il

It shouldalso be notedthat if a particleis bisectedby a no- ux boundarythenthe above
equationmustbe adjustedo accountfor the partof the particlewhich is outsidethe domain
de ned by theboundarylocations.

3. Analysis

3.1. SteadyPlanar and Semi-PlanaiTraveling\Waves

Traveling wavesandtheir stability areof particularinterest.We de ne a planarwave asary
wave for which all the particleson theliney = k¢ 4 ignite simultaneosly, for all k. ¢ 4
is the distancebetweenadjacentayersin the directionof travel. A planarwave is saidto
be a steadyplanarwave with velocity u if thetime betweerthe ignition of ary two adjacent
layersis ¢ 4=u. Thus,onaperiodicdomain,steadyplanarwave speedi = u(y ; °;?2) is given
implicitly by

Ri 1Y%

M= G- 2(0;0; OjXj + mi 3 ¥y +mk s i KE g=U); (3.1)
j=0 k=1

where¢ 4 = P 3=2 onthehexagonalgrid and¢ 4 = 1 onthe Cartesiargrid.

Fig. 2 shavs steadyplanarwave speedasa function of reactionrate® for a variety of
ignition temperaturefor the hexagonalandCartesiargrids. As in the onedimensionakase,
steadywave speedhpproacheaconstanfor largereactionrateand,when® is small,alog-log
plot shavs u » °*2, consistenwith Zeldovitch's resultsof thin reactionzoneasymptotics
[14].
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Figure 2. We plot steady plana wave speed asa function of reactionratein the limit as
21 0. Eadc pair of curves which arecoincident for ;| smallcorrespod to wave speedor the
hexagoral andCartesiargridsatthe samegnition temperatte. For ®xed ignition temperatue
Iy andreactionrate® the hexagond grid yields a highercomhustion speed.Note alsothat,
dueto translationsymmetry plana wave speeds independeat of the numbe of particlesm

in alayerof thesample.

3.2. TheHistory Dependentlterative Map

Steadyplanarwavesonly exist whenignition temperatue (henceforth usedasthe principle

bifurcation parameter)s sufciently small. Above somecritical valuethesewavesbecome
unstable and complex non-planar solutions dominate. As in [1], we determinethe
stability boundariesy constructinga history dependentiterative mapwhich determineghe
movementof thecomhustion front. This mapoperate®n a setof known ignition timesfor all

the particlesbelow theliney = ¢ 4 andthendeterminegheignition timesof particleson the

line. To this endwe de ne ignition time differencest¢; + mk asthetime betweertheignition

of the particleat|; . mk andthe referenceparticlein the layer belov which we de ne asthe

particlein thatlayerwhich hasindex divisible by m. Thus

Fjrmk = Gamk i Em(k+l) s (3.2)

andtherefore
Grmk = Eéjrmk i *émi; (3.3)

wherej = 0:::mj landk = 0:::1 andit hasbeenassumedwithoutlossof generality
that¢éy = 0. Thus,if ignitiontimesareknown for all particlesbelov theliney = ¢ 4 thenthe
temperatureeld neededo determinethe ignition timesof the particleson theline is given
by
Xi 1% Xk
WX y; é) = Ge 2 (X Y; éJXix mics Yie mi s £iv mk | tmi): (3.4)

i—N L -1 1—-N
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We thenlet semi-in nite vector+z consistof known ignition time differencesty;, i , 0
andde ne themapf : R! | R! by the systemof equationswhich determinesthe
ignition time differencest¢; fori = | m:::j 1 baseduponthesepreviousignition times.
The mapthenassignshe newly calculatedvaluesto the rst m elementsof +z and shifts
the remainingelementsdovn m places. Thus, the elementd(+) of semi-in nite vector
(%) = (fo(x);f1(x2);: :2) arerigorouslyde ned by

8 n o]
fi:_< SimiN(@EA+)=0 ;  for0- i<m 35)
T Ehim; fori, m,

where N = 0 is the nonlinearsystemof equationsfor 2m unknowvns (s; and A;, for
i = j 1:::ij m) which correspondrespecitrely, to the time of ignition and the angular
locationof the rst pointonthe particleto reachtheignitiontemperatug. ThereforeN is

Niyoo = M0 KX+ 2C0sAryi + 2SiNA;¢)jos: A=A

Nizi = Quxi+2cosAy + 2sinA;¢)j=s A=A (3.6)
andsubjectto the conditions,

Oy(x; + 2cosA;y; + 2siNA;¢)j,=s: 424 > O

G u(xi + 2cosAy; + 2SiNA;¢)j =424 < O; 37
fori = j 1:::j m andtemperatue givenby pin Eq. 3.4, with ¢; givenby Eq. 3.3. The

conditionsin Eq. 3.7 aresatis ed (whena solutionexists) by seekingh; 2 (j ¥#2;¥#2) and
determiniry s; in orderof increasingignition times. It shouldalso be statedthat the map
formulatedin this fashiononly captureghe behaior of a subclas®f traveling waveswhich
we call semi-planafronts. A semi-planawave is de ned asa traveling wave for which all

theparticlesontheliney = (k + 1)¢ 4 ignite prior to theignition of ary particlesontheline

y = k¢ 4. A moregeneralmapmay be constructedput would be moredif cult to analyze.
Regardlesswe maynow trackthe evolution of a semi-planafront by simply iterating

2" = f(2): (38)
In theinterestof completenessye notethatin our computatios, the vector+z is nite.
This generatesittle error, however, since@;=@, ! Oexponentialy,asj ! 1 .
3.3. Stabilty of SteadySolutins
A steadyperiodp solutionis describedy avector+s° which satis es
w2’ = wP = TP(): (3.9)

To analyzethe stability of sucha solutionwe linearizethe mapf™®. Notethatsincethe
A derivative of pis zeroin Eq. 3.6thelinear perturbatiorto A decouplesrom the equations
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which determire thevariationin s;. Thusfor asamplewith m particlesin thelayerthelinear
perturbaton ¢ ¢" of +20 satis esalinearsystemof theform

2 - 3 " #
Dmpemp = Ompzr % n+p Gmpe1 .n.
— 161
O1£ mp l 161
whichreducesgo " #
il
C"P=A 4 C" = Dimpe mpCmper ¢ A (3.11)

l 1£1

The entriesof the matricesD mpe mp aNdGmpe1  are obtainedfrom the systemof equations
N = 0 of Eq. 3.6. For example,whenp = 1 (i.e. the wave is steadybut not necessarily
planar),¢ is givenby Eq. 3.3,and

= = (&) (3.12)
we have

S X 14

% @g, (Xl.m1ynm,almJan+| Yn+1; émn+1); fori = j
Ghisvtmk+j+r = § |@C; n=0 (3.13)

) @;’ (Xllm1y||m’a.mJX“mayj.m,q,m) fOI’i@j,
and 8

% @g, (Xllmlyhm)0|mJka+Jyymk+J|ka+J) fOI’j 6 O

@32

gi+1;mk+j+1 = @ (Xlnm!ynm,o.mJka,Ymk’(mk) (3.14)

% Xi 11X @5 _

> @ ——(Xi; m:Yii m3 & miXmn+15 Ymn+15 émn+1) forj = 0,

1=0 n=k

fori;j = 0:::mj landk , O. Theeigervaluesassociatedvith alinearization of ary period
p solutionof the maparegivenby the determinanbf a matrix of theform
2

3
a1;1 i, a1;2 a1;3 L a1;mp a-1;mp+1 a1;mp+2 :
a2;1 a2;2 i a2;3 N a2;mp a-2;mp+1 a2;mp+2
A, 1 | 4.4 = am]r-);l amcg));z amcp));S amp;fnp i amp;8p+1 amp;8p+2 :(3.15)
i L
0 1 0 0 i 0
0 0 1

0 0 i,

In principle this determnant may be calculatedrecursvely, thoughthis processis a
computatimally extensve one (O((mp))). However we can obtain critical eioervalues



A simplemodelof two dimensionabkolid ame microstructue 10

throughan O((mp)?2) calculationin the following way. Note thatthe eigervectorassociated

with eigervalue, in theabove linearsystemis givenby
h [
= bbby, L2y i (3.16)

wheretheh, i = 1::: mpareunknavns.

Thusif we de ne matrix C,p.mp asthe productof the rst mp rows of A; .; andthe
matrix with mp columnseachof which is the eigervectorb, we obtainanmp £ mp matrix
with elements

)4 i k
Gj = oA+ mpk (3.17)
k=0

Clearly, the, dependentgomplex matrix Cp:mp (, ) has, asaneigervalueif andonly if the

matrixA; .1 has, asaneigervalue.Speci cally, if &;,i = 1:::mpisthesetof eigervalues
of thematrix Crmp:mp (, ), thenwe obtainaneigervalueof thematrixA; ., by solving
Y
Gi=)=0 (3.18)

i
To obtain stability boundarieswe supposethat the matrix C(,; ) is parametrical
dependenbn somebifurcationparametet aswell asthe proposectigervalue, . Recalling

thataniterative mapis neutrally stablewhenthe largesteigervalue hasmagnituddessthan

one,we determineneutralstability curvesby letting, = €* andthensolving
Y

i s O

'dA i oiehi1) = 0 (3.19)
i

subjectto the conditionthat, = € is the eigervalueof A; .1 with the largestmagnitude.

Herewe x 2 and® andlet! = p bethebifurcationparameterThustherealandimaginay

partsof Eq. 3.19provide two equationgor two unknavns A andpf™ which aredetermined

numerically

4. Results

Simulationof unsteadytraveling fronts was perfornmed by iteration of a more generalform
of mapf~. The generalmaptracksnon-planartraveling wavesby seekingthe next ignition
time in the setof unignited particleswhich have ignited neighbos. “Exact” ignition times
aredeterminedmplicitly by numericalroot nding ratherthanexplicitly by time stepping.
As in the onedimensionalcase,steadyplanarfronts areinvariably found provided ignition
temperatures sufciently low andthe boundaryconditionsare periodic. Planarfronts may
alsobe foundfor no- ux boundaryconditionsprovidedtheimageparticlesgeneratedy the
boundaryarecenteredat locationswhich correspondo lattice pointsin the extendeddomain
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R2. In particular we saythatboundarylocationsx = a andx = bmaintainthe symmetryof
thegrid if, for all i andk thereexistsintegersolutionsto | andj in eachof theequations

b+ 2k(bi @i xi = ml+ xj;

aj k(bi @i x; = ml+x;
Xj+ 2k(bi @ = ml+x;; (4.1)
Xii 2k(bi @ = ml+x;:

It canbe shavn thatwhenboundaryconditiors aresetwhich breakthe symmety of the
grid, planarsolutionsdo not exist.
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Figure 3. Tempeature®eldsassociateavith steadysolutionsonthehexagmal grid. Fromtop
to bottomead columncorrespordsto atime increasingseriesof snapsbtsassociatedvith a
singleperiodof anupward propajatingwave. In thecolumnontheleft no- uxboundariesare

locatedatx; = Oandx, = mj 1=2. Inthemiddlecolumnx; = j 1=4 andx, = m 1=4.

In theright columnx; = j 1=2andx, = m. Here2 = 0,° = 1 ,andy = 0:4.

Figs. 3 and4, for example,shav a seriesof snapshotassociatedvith steady(+:° =
(), upward propagting wavesfor threetypesof insulationboundaryconditions.In the
columnon theleft (in both gures) we seesteadyplanarsolutionsassociatedvith no- ux
boundaryconditionswith boundarylocationschoserto maintainthe symmetryof thegrid. In
thecentercolumns we have perturbedheno- ux boundarylocationsassociateavith theleft
columnsoasto createan excessof heat(by re ection) nearthe boundariesausingparticles
nearthereto ignite early The presered left-right symmetryof the Cartesiangrid induces
a front which propagtesfrom the boundarésto the centerasseenin Fig. 4. In the center
columnof Fig 3 thefront appeargso propagtefrom centerto boundares. In the columnson
theright, the no- ux boundarylocationsassociatedavith the left columnareperturbedso as
to createa scarcityof heatnearthe boundariesausingparticlesnearthereto ignite late. On
bothgridsthe comhustion wave clearlyinitiatesnearthe centerandpropagtesoutward.
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Figure 4. Temperatur®eldsassociateavith steadysolutionson the Cartesiargrid. Fromtop
to bottomead columncorrespodsto atime increasingseriesof snapsbtsassociatedvith a
singleperiodof anupward propajatingwave. In thecolumnontheleft no- uxboundariesare
locatedatx; = j 1=2andx;, = mj 1=2. Inthemiddlecolumnx; = j 1=4andx, = mj 3=4.
In theright columnx; = j 3= andx, = mi 1=4. Here2= 0,° = 1 ,andy = 0:4.

A seriesof simulatiors were also performedto investigate the behaior of the system
asignition temperatures increasedFor thesesimulatiors the numberof particlesin alayer
of the samplewassetto m = 12 andthe parameter§ and2 weresetto in nity andzero,
respectrely. Simulationsindicatethat (1) steadyplanarsolutionsbecomeunstableat some
critical valueof ignitiontemperatue, (2) unsteadyplanarsolutionsdo notexist, and(3) there
exist regionsfor which multiple stablesolutions exist.

To demonstrateheseresultswe de ne instantaneousveragecomlustion speedasthe
inverseof the differencebetweerthe averageignition timesof particleswhich lie in the two
mostrecentlycomhustedadjacentayers,sothat

1 X N

b = m¢ 4 i=1 dmk+j | ém(k+1)+ | : (4.2)

Figs. 5, 6, 7, 8, and9 plot the steadystatebehaior of this quantityfor both grids with
thetwo setsof boundaryconditionswhich maintainthe symmetryof thegrids. Heresolutions
were generatedy continuaton, eitherincreasingor decreasinggnition temperaturégrom
somevalue.

In all cases,solutionsfor iy < 0:44 are uniformly steadyand planar As ignition
temperaturels increasedthe map f~ undegoesa period doubling bifurcation. Average
comhustion speed however, undegoesa perioddoubling bifurcationfor the hexagonalgrid
only. Theaddedsymmetryof the Cartesiargrid causeshe bifurcation in uy to be steady
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Hexagonal Grid: Periodic Boundary Conditions
T T T T T T

o,

° Run 1, bifurcation parameter increasing (?f
+ Run 2, bifurcation parameter decreasing

1.081

102

Figure 5. Two compuationalrunsonthe hexagoral grid with steadystatesolutionsgeneated
by map iteration with initial conditions obtaired by continuation. In run 1, bifurcation
paraméerisincresedfrom |y = 0:44until extinction occusaty, ¥4 0:6. In run2, bifurcation
paraméeris deaeasedromy ¥ 0:6to = 0:44.

Hexagonal Grid: Insulation Boundary Conditons

-~
o Run 1, bifurcation parameter increasing 7
+ Run 2, bifurcation parameter decreasing

Figure 6. Two compuationalrunsonthehexagoral grid with steadystatesolutionsgeneated
by map iteration with initial conditions obtaired by continwation. In run 1, bifurcation
paraméerisincreasedfromy = 0:43until extinction occusaty ¥ 0:6. In run2, bifurcation
paraméeris deaeasedrom py ¥ 0:57to = 0:44.

Bi-stability is demonstratetby choosingrandominitial conditionsfor somey, nearthe
extinction limit thenusing continuationto tracethe new branchtoward 0:44. Note alsothe
existenceof chaoticsolutionswheninsulationboundaryconditiors areset. Fig. 8 is alsoof
particularinterestasit demonstratea pair of coincidentperioddoubling cascadesccuron
the Cartesiargrid. It is alsointerestingto notethatthe majordoublinginitiatesat nearlythe
sameignition temperatue at which a similar cascadenitiatesin the one dimensionalcase
despitethefactthatthe solutionin 2dis non-planar
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Cartesian Grid: Periodic Boundary Conditions

1.051 ° Run 1, bifurcation parameter increasing
+ Run 2, bifurcation parameter increasing
Run 3, bifurcation paraemter decreasing

L L L L L L
0.42 0.44 0.46 0.48 0.5 0.52 0.54 0.56

Figure 7. Threecomputationalrunson the Cartesiangrid runswith steadystatesolutions
gereratedby map iteration with initial conditions obtaned by cortinuation. In run 1,
bifurcationparaméer is increasedrom |y = 0:44 until extinction ocaursat py ¥ 0:56. In
run 2, bifurcationparameer is increasedrom py ¥ 0:51to iy = 0:56. In run 3, bifurcation
paraméeris deaeasedrom iy ¥4 0:54to = 0:44.

Cartesian Grid: Periodic Boundary Conditions

Lol o Run 1, bifurcation parameter increasing 000° i
+ Run 2, bifurcation parameter increasing o®
Run 3, bifurcation paraemter decreasing OO o
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Figure 8. Thisis a blowup of Fig. 7 which demamstrateperioddowbling cascadsfor runs1
and2.

4.1. Stabiity Boundaries

Neutral stability curves associatedvith steady planarwaves were determinedin the two
dimensionaparametespacg( ; °) form = 12in thelimitof2! 0. Not surprisingy, these
boundariesmimic the behaior seenin the onedimensionalcase. Also stability boundaries
for periodicandinsulationboundaryconditionsarecoincident.

4.2. SampleMdth andthe “Dispersion Relationship”

Of interestalsois the critical ignition temperaturessociatedavith a sampleof in nite width.
Of course,this quantity cannotbe calculatedusing this method. However, a numerical
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Cartesian Grid: Insulation Boundary Conditions
T T T T T

@ oo

o Run 1, bifurcation parameter increasing
+ Run 2, bifurcation parameter decreasing

0.991

Figure 9. Two compuationalrunson the Cartesiargrid with steadystatesolutionsgeneated
by map iteration with initial conditions obtaired by continuation. In run 1, bifurcation
paraméer is increasedfrom |y = 0:42 until extinction occus at |y % 0:58. In run 2,
bifurcationparameeris deaeasedrom py ¥ 0:57to = 0:44.

Hexagonal Grid Cartesian Grid
10° 10°

— Periodic B.C. — Periodic B.C.
- - Insulation B.C. - - Insulation B.C.

qI ql
Hexagonal Grid Cartesian Grid

— Periodic B.C. — Periodic B.C.
8 - — Insulation B.C. 8 - - Insulation B.C.

0
0.4 0.6 0.8 1 0.4
qI

Figure 10. Neutralstability curves associatedvith steadyplana waves.

investigation of wide samplegivessomeclueasto thestability of suchasystem.Figs.11and
12 shaw thatfor m smallthe critical ignition temperaturdf™) is strongly dependentipon
“wave length” of the perturtationm. For large m, critical ignition temperatures relatvely
insensitve to changesn m. Finally, we notethat,on the Cartesiargrid,

et (mk) - gt (m);  8m;k 2 N: (4.3)
5. Concluding Remarks

We have shavn that complex dynamicsmay be generatedn a simple modelof solid ame
microstrictureanddemonstratetion macroscopicallygteadyfrontsmayexhibit highdegrees
of variability on the microscopic(or inter-particle) scale. Simulatiors have shavn that



A simplemodelof two dimensionabkolid ame microstructue 16

Hexagonal Grid
g® ¥

—— Period Doubling Bifurcation
—— Steady Bifurcation

g=1
0.686 !

—— Period Doubling Bifurcation
—&— Steady Bifurcation

0.684
0

L L L
10 20 50 60

30 40
“Wave Length" (m)
Figure 11. Critical ignition tempeatureassociatedvith steadyplarar waves as a function

of the @2wave lengh® m of the perturbation.On the hexagmal grid, both steadyand period
doubling bifurcationsexist andarecoincidentwhenreactionrate® is small.

Cartesian Grid
g® ¥

L L L L
10 20 40 50 60

30
"Wave Length” (m)

Figure 12. Critical ignition tempeatureassociatedvith steadyplarar waves as a function
of the 2wave length®m of the perturbation.On the Cartesiargrid all bifurcationsareperiod
dowbling anddueto theaddel symmetry ™ (mk) |, ™ (m).

comple behaiors suchasbi-stability of solutionsaswell asa perioddoublingcascademay
be found. Additionally, we seesizableregionsin parametespacefor which chaotic,or at
leastlarge period,solutiors canbefound. Finally, we have demonstratethatthe formulation
of a history dependentterative may be usedto describethe fundamentai} discretenature
of comhustion on the inter-patticle scale. This map may thenbe analyzedanda dispersion
relationshipgeneratedo obtainstability boundarie®f solutions.
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