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Abstract. In [1] we presented a modelof condensedphasecombustion which attemptsto
elucidate the effectsof spatially localized reaction siteson the propagation of a combustion
wave. Heattransferwasassumedto be uniform but the exothermicreactions areallowed to
occur only at evenly distributedlocations. Under certainsimplifying assumptionswe showed
that the propagation of a onedimensional combustionwave throughsucha medium may be
describedby a history dependent iterative map ~f : R1 ! R1 which relatesthe timesof
all previous particle ignitions to the time of the next ignition. In this paper we consider the
propagationof a two dimensional wave througha channel. For a propagatingwave which is
semi-planar, we show that the dynamicsof the continuoussystemmay be representedby a
historydependent mapsimilar to ~f . Iterationof thismapdemonstratestheexistenceof awide
varietyof traveling waves. Furthermore,a linearstability analysis similar to that in [1] shows
thatsteadyplanarwaves undergo a perioddoubling bifurcationasthesystemtransitionsto a
region of bi-stability in which chaotic behavior is observed.

Submittedto: Combust.TheoryModelling

PACSnumbers:81.20.K, 05.45



A simplemodelof two dimensionalsolid �ame microstructure 2

1. Intr oduction

Condensedphasecombustion is a complex phenomenonof theoreticalandpracticalinterest,
in particular, as a method to synthesizematerials [2, 3]. This combustion synthesis
processinvolvesaself-sustainedcombustionwavewhichpropagatesthroughinitial reactants
convertingtheminto adesiredproduct.In condensedphasecombustiontheinitial reactantsas
well as�nal, andpossiblyintermediateproducts,remainin thecondensedphasethroughout
thereaction.

Thoughthecombustion processoccursin aheterogeneousmediumcomposedof reactive
particles,typical modelsof condensedphasecombustion treatthemediumashomogeneous
[4–6]. This'quasi-homogeneous'approachis valid undertheassumptionthatall spatialscales
of the problem,including the smallestone(the scaleof the reactionzone),aremuchlarger
thanthediameterof theparticlesof which themediumis composed.

The�rst studyto discussthevalidity of thequasi-homogeneousapproach[7] considered
an idealizedmedium composedof thin alternatingplatesof reactants. Thermal contact
betweenthe plateswas assumedto be perfectand the combustion wave was assumedto
propagate along the plates. The validity of the quasi-homogeneousapproachwas veri�ed
undertheseconditions,however, littl e work hassincebeendoneto verify this approachfor a
mediumof amorecomplex structureor onein which thermalcontactis imperfect.

Indeed, recent experiments using high speed,high resolution thermal photography
show that macroscopicallysteadyfronts exhibit a high degreeof variability on the scaleof
individualparticles[8,9]. Moreover, thelengthof boththepreheatzoneandthereactionzone
have beenshown, in somecases, to beon theorderof just a few particlediameters.In this
case,the applicability of quasi-homogeneousmodelsis problematic. To modelsolid �ame
microstructure, a micro-heterogeneousmodel was proposedin [10] in which combustible
particlesareassumedto lie onaCartesiangrid andtransferheatto adjacentparticles.Particles
areassumedto be squarewith roundedcornersanddesiredpackingdensityis achieved by
removing randomlyselectedparticlesfrom the grid. This modeldemonstratesmany of the
featuresobservedin experiments,but canonly beanalyzedthrough numericalsimulation.

Another recentattemptto model theseexperimentalresultswas presentedin [11,12]
whereanidealizedmediumsimilar to thatof [7] wasconsidered.Unlike thepreviousstudy,
theseauthorssupposedthatthecombustionwavetraveledfrom layerto layerratherthanalong
the layers. Solutions were investigatednumerically, and also demonstratedmany features
seenin experiments[8,9]. In particular, the authorsnotedthat an increasein the scaleof
heterogeneitycorrespondsto a transitionfrom quasi-homogeneoussolutions,typi�ed by a
reactionzonewhichcontainsmany particles(layers),to arelay-raceregime,typi�ed by super-
adiabaticcombustion, a reactionzoneon theorderof a singleparticlediameter, anda highly
variableinstantaneouscombustion velocity.

In [1] we proposeda simplemodelof condensedphasecombustion which incorporated
many of the featuresof the micro-heterogeneousand layeredmodels,but allowed for an
analyticalstudy. We assumedthat theprimary mechanismwhich leadsto thehighly varying
front is the restrictionthat exothermicreactionsonly occur within individual combustible
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particles. Thus we utili zed the quasi-homogeneousassumptionfor the purposesof heat
transfer, but supposedthat heatgeneration(exothermic chemicalconversion)occursonly
at discretelocations. We consideredonly the propagation of a wave in onedimensionand
notedthat this correspondsto a layeredheterogeneousmediumsimilar to thatconsideredin
[11,12]. The additional assumptionthat the reactioninitiatesat someignition temperature
allowedfor thedynamicsto bereducedto ahistorydependentimplicit mapwhichdetermines
the time to the ignition of the next particlebaseduponthe ignition timesof all previously
ignitedparticles.This approachexplicitly formalizedthe“discrete”natureof combustion in
a heterogeneousmediumobserved in experimentsandsimulations. We further showed that
averagecombustionspeedcanbecalculatedfrom modelparametersandthata linearstability
analysismaybeperformedwhich demonstratesthatthis systemundergoesa perioddoubling
bifurcation cascadeto chaosandsubsequentextinction.

Herewe extendthis approachto combustion wavesin two spatialdimensions.Reactant
particlesarenow assumedto becenteredat theverticesof eitherahexagonalor squarelattice,
andwave is assumedto propagate througha sampleof �nite width with eitherperiodicor
insulationboundaryconditions. Onceagain, the dynamicsof the systemare reducedto a
history dependentiterative map. If the width of the sampleandlocationsof the boundaries
relative to grid points arecarefully chosen,steadyplanarsolutionsmay be generated.As
theprimarybifurcationparameteris increasedtheseplanarsolutionsbecomeunstableanda
regionsof bi-stability andchaosmay be found. Map iterationdemonstratesthat the initial
bifurcation is period doubling and linear stability analysisis usedto determinestability
boundaries.Additionally, if boundarylocationsare chosenwhich breakthe symmetryof
thesample,weshow thatonly non-planar(but possiblysteady)solutionsexist.

2. The Model

As in [1] we considertheburning of a two componentsystemin which spherical,chemically
active particles(which containboth fuel andoxidizer) restin anotherwiseinert medium. In
orderto simplify the modelandfocuson the effectsof spatially localizedreactionsiteswe
make a numberof simplifying assumptions.First, we assumethat thermaldiffusivity of the
active particlesin identicalto thatof the inert medium.Next, asin themicro-heterogeneous
model [10,13], we let µI be someignition temperature,i.e. a particlestartsto reactif the
temperatureat a point in theparticlereachessometemperatureµI . Finally, we let ´ besome
averagedegreeof conversionassociatedwith an entirecombustible particle. Thusif active
particlesmaybeindexedby somei 2 I µ Z 2 wemaymodelcombustionmicrostructurewith
nondimensionalequations

@µ
@¿

¡ r 2µ =
1

jV² j

X

i 2 I

d´ i

d¿
H (² ¡ jl i ¡ »j); (2.1)

d´ i

d¿
= ° f (´ i )H (µi ¡ µI ); (2.2)

µi (¿) = max
j l i ¡ »j· ²

µ(»; ¿); (2.3)
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whereµ is temperature, ´ i is the degreeof conversionof the particle i 2 I ½ Z 2, l i is the
locationof theparticlecenter, ² givesmeanparticlesradiusandjV² j is meanparticlevolume,
f (´ ) gives the reactionkinetics of an entire particle and H (») is the Heaviside function.
Nondimensional modelparametersarecalculatedby assumingthattherelevantspatialscaleis
thatof inter-particledistanced andtherelevanttime scaleis thatof heatdiffusionassociated
with this length.Thusmodelparametersarerelatedto physicalparametersby thefollowing

d = 2r f

³
´ max

´ f

´ 1=2
; 2² =

³
´ f

´ max

´ 1=2
; jV² j = ¼²2;

x = d»; t = d2

· ¿; ° = k0
d2

· ;
µI = ½cp

´ f Q0
(TI ¡ T0); T = ´ f Q0

½cp
µ + T0;

(2.4)

wherex andt arethe original, dimensionalspatialandtemporalvariables,½is the sample
density, cp is the speci�c heat, · is the heatdiffusivity of the mixture, ´ f is the volume
fractionof combustible particles,Q0 is heatrelease,T0 is theinitial temperatureof thesample,
r f is the meanradiusof the combustible particles,´ max is the maximumvolume fraction
associatedwith a packingin which spheresare centeredat lattice points l i , and TI is the
ignition temperatureof thereaction.

The dimensionless parametersof the model are: ignition temperatureµI 2 (0; 1),
“particle radius” ² 2 (0; 1=2), and the ratio of diffusion time to reactiontime which can
bethoughtof asanondimensionalreactionrate° > 0.

We now introduce¿i asthetime at which particlei ignites,i.e. µi (¿i ) = µI . This allows
for thereplacementof H (µi ¡ µI ) with H (¿ ¡ ¿i ). Eq. 2.2maynow besolved,i.e.

Z ´ i

0

d´
f (´ )

= (¿ ¡ ¿i )° H (¿ ¡ ¿i ); (2.5)

This solutionfor ´ i maybeusedin Eq. 2.1 renderingit linearandthussolvableby Green's
functions. We de�ne G¤

° ;² (»; ¿j»0; ¿0) asthe free-spacesolutionassociatedwith the ignition
of asingleparticlecenteredat»0 which ignitesat time ¿0, sothat

G¤
° ;² (»; ¿j»0; ¿0) =

H (¿ ¡ ¿0)
jB ² (»0)j

Z ¿

¿0

Z Z

B ² (»0 )
G0(»; ¿j»0; ¿0)

d´0

d¿0
dV0d¿0 (2.6)

whereG0 is thefree-spaceGreen's functionsolutionto theheatequation,B ² (»0) is a ball of
radius² centeredat »0, and´ 0(¿0) is givenby Eq. 2.5. For example,if we considera zeroth
orderreactionf (´ ) = H (1 ¡ ´ ) with ² = 0, thenEq. 2.6reducesto

G¤
° ;0(»; ¿j»0; ¿0) = H (¿¡ ¿0)

°
4¼

Ei
µ

1;
j» ¡ »0 j2

4(¿ ¡ ¿0)

¶
¡ H (¿¡ ¿0¡ ° ¡ 1)

°
4¼

Ei
µ

1;
j» ¡ »0 j2

4(¿ ¡ ¿0 ¡ ° ¡ 1)

¶
;(2.7)

whereEi (n; x) =
R1

1 e¡ xt =tndt is theexponentialintegral. Thetemperature�eld is therefore
givenby

µ(»; ¿) =
X

i 2 I

G¤
° ;² (»; ¿jl i ; ¿i ); (2.8)

andtheignition timessatisfytheconditions

µi (¿¡
i ) = µI ; i 2 I ½ Z 2 (2.9)
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and

µi (¿) < µI ; 8¿ < ¿i ; i 2 I ½ Z 2 : (2.10)

Eqs. 2.9 and2.10 de�ne the ignition time ¿i as the �r st time at which a point within fuel
particlei reachesthe ignition temperature.This representsa completesystemof non-linear
equationsfor theunknowns¿i whichmaybesolvednumerically.
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Figure 1. A sectionof thein®nite samplewith ahexagonal grid on which acombustionwave
propagatesupward. Herem = 12. Note that particlesindexessnake from left to right and
thenfrom right to left. This is doneon thehexagonal grid sothata singlemapiterationmay
correspond to themovement of thefront acrossa singlelayer.

So far we have assumedthat combustion occursin free-space.We now considerthe
propagation througha channelwhich is m particlesacross.Finite samplewidth allows for
particlesto be indexed by i 2 Z so that particlecentersaregiven by l i = (x i ; yi ). On a
hexagonalgrid (Fig. 1) particlelocationsaregivenby

x i =

8
<

:

modm (i ) for mod2m (i ) < m

m ¡ modm (i ) ¡
1
2

for mod2m (i ) ¸ m

yi = ¡
p

3
2 b i

m c;

(2.11)

while onaCartesiangrid particlelocationsaregivenby

x i = modm (i )
yi = ¡b i

m c;
(2.12)

Heremodm (i ) givestheremainderof i=m, bi=mc givesthenearestintegerequalto or below
i=m, andx andy referto horizontalandverticleaxisrepsectively.

Insulation or periodic boundary conditions may be enforced (on both grids) by
applicationof the methodof images. For exampleif boundaryconditionsare periodic in
asampleof width m then

µ(x; y; ¿) =
X

i 2 Z

G° ;² (x; y; ¿jx i ; yi ; ¿i ) (2.13)
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where

G° ;² (x; y; ¿jx i ; yi ; ¿i ) =
X

k2 Z

G¤
° ;² (x; y; ¿jx i + mk; yi ; ¿i ): (2.14)

Similarly, if the left andright boundariesarelocatedat x = a andx = b respectively,
where¡ 1=2 · a · 0 andm ¡ 1=2 · b · m on the hexagonalgrid or ¡ 1 · a · 0 and
m ¡ 1 · b · m on theCartesiangrid, thenno-�ux boundaryconditionsaresatis�edby

G° ;² (x; y; ¿jx i ; yi ; ¿i )

=
1X

k=1

G¤
° ;² (x; y; ¿j ¡ x i + b+ 2k(b¡ a); yi ; ¿i )

+
1X

k=1

G¤
° ;² (x; y; ¿j ¡ x i + a ¡ 2k(b¡ a); yi ; ¿i )

+
1X

k= ¡1

G¤
° ;² (x; y; ¿jx i + 2k(b¡ a); yi ; ¿i ): (2.15)

It shouldalso be notedthat if a particle is bisectedby a no-�ux boundarythen the above
equationmustbeadjustedto accountfor thepartof theparticlewhich is outsidethedomain
de�ned by theboundarylocations.

3. Analysis

3.1. SteadyPlanarandSemi-PlanarTravelingWaves

Traveling wavesandtheir stability areof particularinterest.We de�ne a planarwave asany
wave for which all the particleson the line y = k¢ g ignite simultaneously, for all k. ¢ g

is the distancebetweenadjacentlayersin the directionof travel. A planarwave is said to
bea steadyplanarwave with velocity u if thetime betweenthe ignition of any two adjacent
layersis ¢ g=u. Thus,onaperiodicdomain,steadyplanarwavespeedu = u(µI ; ° ; ²) is given
implicitly by

µI =
m¡ 1X

j =0

1X

k=1

G° ;² (0; 0; 0jx j + mk ; yj + mk ; ¡ k¢ g=u); (3.1)

where¢ g =
p

3=2 on thehexagonalgrid and¢ g = 1 on theCartesiangrid.
Fig. 2 shows steadyplanarwave speedasa functionof reactionrate° for a varietyof

ignition temperaturesfor thehexagonalandCartesiangrids. As in theonedimensionalcase,
steadywavespeedapproachesaconstantfor largereactionrateand,when° is small,alog-log
plot shows u » ° 1=2, consistentwith Zeldovitch's resultsof thin reactionzoneasymptotics
[14].
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Figure 2. We plot steady, planar wave speeds asa function of reactionrate in the limit as
² ! 0. Each pairof curveswhicharecoincident for ¸ smallcorrespond to wave speedfor the
hexagonal andCartesiangridsat thesameignition temperature. For ®xed ignition temperature
µI andreactionrate° the hexagonal grid yields a highercombustion speed.Note alsothat,
dueto translationsymmetry, planar wave speedis independent of thenumber of particlesm
in a layerof thesample.

3.2. TheHistoryDependent,IterativeMap

Steadyplanarwavesonly exist whenignition temperature (henceforth usedasthe principle
bifurcation parameter)is suf�ciently small. Above somecritical valuethesewavesbecome
unstable and complex non-planar solutions dominate. As in [1], we determine the
stability boundariesby constructinga historydependent,iterative mapwhich determinesthe
movementof thecombustion front. Thismapoperatesonasetof known ignition timesfor all
theparticlesbelow theline y = ¢ g andthendeterminestheignition timesof particleson the
line. To this endwe de�ne ignition time differences±¿j + mk asthetime betweentheignition
of the particleat l j + mk andthe referenceparticlein the layer below which we de�ne asthe
particlein thatlayerwhichhasindex divisible by m. Thus

±¿j + mk = ¿j + mk ¡ ¿m(k+1) ; (3.2)

andtherefore

¿j + mk = ±¿j + mk ¡
kX

l=0

±¿ml ; (3.3)

wherej = 0: : : m ¡ 1 andk = 0: : : 1 andit hasbeenassumed,without lossof generality,
that¿0 = 0. Thus,if ignition timesareknown for all particlesbelow theline y = ¢ g thenthe
temperature�eld neededto determinethe ignition timesof theparticleson the line is given
by

µ(x; y; ¿) =
m¡ 1X

i =0

1X

k=1

G° ;² (x; y; ¿jx i + mk ; yi + mk ; ±¿i + mk ¡
kX

l=0

±¿ml ): (3.4)
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We thenlet semi-in�nite vector±~¿ consistof known ignition time differences±¿i , i ¸ 0
and de�ne the map ~f : R1 ! R1 by the systemof equationswhich determinesthe
ignition time differences±¿i for i = ¡ m : : : ¡ 1 basedupontheseprevious ignition times.
The map thenassignsthe newly calculatedvaluesto the �rst m elementsof ±~¿ andshifts
the remainingelementsdown m places. Thus, the elementsf i (±~¿) of semi-in�nite vector
~f (±~¿) = (f 0(±~¿); f 1(±~¿); : : :) arerigorouslyde�ned by

f i =

8
<

:

n
si ¡ m j ~N (~s; ~Á; ±~¿) = ~0

o
; for 0 · i < m

±¿i ¡ m ; for i ¸ m,
(3.5)

where ~N = ~0 is the nonlinear systemof equationsfor 2m unknowns (si and Ái , for
i = ¡ 1: : : ¡ m) which correspond,respectively, to the time of ignition and the angular
locationof the�rst pointon theparticleto reachtheignition temperature. Therefore~N is

N1¡ 2i = µI ¡ µ(x i + ² cosÁ;yi + ² sinÁ;¿)j¿= si ; Á= Ái

N¡ 2i = @
@Áµ(x i + ² cosÁ;yi + ² sinÁ;¿)j¿= si ; Á= Ái ;

(3.6)

andsubjectto theconditions,

@
@¿µ(x i + ² cosÁ;yi + ² sinÁ;¿)j¿= si ; Á= Ái > 0
@2

@Á2 µ(x i + ² cosÁ;yi + ² sinÁ;¿)j¿= si ; Á= Ái < 0;
(3.7)

for i = ¡ 1: : : ¡ m andtemperature given by µ in Eq. 3.4, with ¿i given by Eq. 3.3. The
conditionsin Eq. 3.7aresatis�ed (whena solutionexists)by seekingÁi 2 (¡ ¼=2; ¼=2) and
determining si in orderof increasingignition times. It shouldalsobe statedthat the map
formulatedin this fashiononly capturesthebehavior of a subclassof traveling waveswhich
we call semi-planarfronts. A semi-planarwave is de�ned asa traveling wave for which all
theparticleson theline y = (k + 1)¢ g ignite prior to theignition of any particleson theline
y = k¢ g. A moregeneralmapmaybeconstructed,but would bemoredif�cult to analyze.
Regardless,wemaynow tracktheevolution of asemi-planarfront by simply iterating

±~¿n+1 = ~f (±~¿n ): (3.8)

In theinterestof completeness,we notethat in our computations,thevector±~¿ is �nite.
Thisgenerateslittle error, however, since@f i =@¿j ! 0 exponentially, asj ! 1 .

3.3. Stability of SteadySolutions

A steadyperiodp solutionis describedby avector±~¿0 whichsatis�es

±~¿0 = ±~¿p = ~f p(±~¿0): (3.9)

To analyzethestability of sucha solutionwe linearizethemap ~f p. Note thatsincethe
Á derivative of µ is zeroin Eq. 3.6 thelinearperturbationto Ái decouplesfrom theequations



A simplemodelof two dimensionalsolid �ame microstructure 9

whichdetermine thevariationin si . Thusfor asamplewith m particlesin thelayerthelinear
perturbation¢ ~¿n of ±~¿0 satis�esa linearsystemof theform

2

6
6
4

Dmp£ mp

¯
¯
¯
¯ 0mp£1

01£ mp

¯
¯
¯
¯ I 1£1

3

7
7
5 ¢ ~¿n+ p =

"
Gmp£1

I 1£1

#

¢ ~¿n ; (3.10)

which reducesto

¢ ~¿n+ p = A1 ;1 ¢ ~¿n =

"
D ¡ 1

mp£ mpGmp£1

I 1£1

#

¢ ~¿n : (3.11)

The entriesof the matricesDmp£ mp andGmp£1 areobtainedfrom the systemof equations
~N = ~0 of Eq. 3.6. For example,whenp = 1 (i.e. the wave is steadybut not necessarily
planar),¿l is givenby Eq. 3.3,and

±~¿1 = ~f (±~¿1 ); (3.12)

wehave

di +1 ;mk + j +1 =

8
>>><

>>>:

m¡ 1X

l=0

1X

n=0

@G²;°

@¿
(x i ¡ m ; yi ¡ m ; ¿i ¡ m jxmn + l ; ymn + l ; ¿mn + l ); for i = j

@G²;°

@¿
(x i ¡ m ; yi ¡ m ; ¿i ¡ m jx j ¡ m ; yj ¡ m ; ¿j ¡ m ); for i 6= j ,

(3.13)

and

gi +1 ;mk + j +1 =

8
>>>>>>><

>>>>>>>:

@G²;°

@¿
(x i ¡ m ; yi ¡ m ; ¿i ¡ m jxmk + j ; ymk + j ; ¿mk + j ) for j 6= 0

@G²;°

@¿
(x i ¡ m ; yi ¡ m ; ¿i ¡ m jxmk ; ymk ; ¿mk );

¡
m¡ 1X

l=0

1X

n= k

@G²;°

@¿
(x i ¡ m ; yi ¡ m ; ¿i ¡ m jxmn + l ; ymn + l ; ¿mn + l ) for j = 0,

(3.14)

for i; j = 0: : : m ¡ 1 andk ¸ 0. Theeigenvaluesassociatedwith alinearization of any period
p solutionof themaparegivenby thedeterminantof amatrix of theform

A1 ;1 ¡ ¸I 1 ;1 =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

a1;1 ¡ ¸ a1;2 a1;3 : : : a1;mp a1;mp+1 a1;mp+2 : : :
a2;1 a2;2 ¡ ¸ a2;3 : : : a2;mp a2;mp+1 a2;mp+2 : : :

...
... : : :

amp;1 amp;2 amp;3 : : : amp;mp ¡ ¸ amp;mp +1 amp;mp +2 : : :
1 0 0 : : : ¡ ¸ 0 0 : : :
0 1 0 : : : 0 ¡ ¸ 0 : : :
0 0 1 : : : 0 0 ¡ ¸ : : :
...

... ... ... ... ... ... ...

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

:(3.15)

In principle this determinant may be calculatedrecursively, though this processis a
computationally extensive one (O((mp)!)). However, we can obtain critical eigenvalues
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throughanO((mp)3) calculationin the following way. Note that theeigenvectorassociated
with eigenvalue¸ in theabove linearsystemis givenby

~bT =
h

b1 : : : bmp ¸ ¡ 1b1 : : : ¸ ¡ 1bmp ¸ ¡ 2b1 : : :
i

; (3.16)

wherethebi , i = 1: : : mp areunknowns.
Thusif we de�ne matrix Cmp;mp asthe productof the �rst mp rows of A1 ;1 andthe

matrix with mp columnseachof which is theeigenvector~b, we obtainanmp £ mp matrix
with elements

ci;j =
1X

k=0

¸ ¡ kai;j + mpk : (3.17)

Clearly, the¸ dependent,complex matrix Cmp;mp (¸ ) has¸ asaneigenvalueif andonly if the
matrix A1 ;1 has¸ asaneigenvalue.Speci�cally, if ¤ i , i = 1: : : mp is thesetof eigenvalues
of thematrix Cmp;mp (¸ ), thenweobtainaneigenvalueof thematrix A1 ;1 by solving

Y

i

(¸ ¡ ¤ i (¸ )) = 0: (3.18)

To obtain stability boundarieswe supposethat the matrix C(¸; ¹ ) is parametrically
dependenton somebifurcationparameter¹ aswell astheproposedeigenvalue¸ . Recalling
thatan iterative mapis neutrallystablewhenthe largesteigenvaluehasmagnitudelessthan
one,wedetermineneutralstability curvesby letting ¸ = eiÃ andthensolving

Y

i

¡
eiÃ ¡ ¤ i (eiÃ ; ¹ )

¢
= 0 (3.19)

subjectto the conditionthat ¸ = eiÃ is the eigenvalueof A1 ;1 with the largestmagnitude.
Herewe �x ² and° andlet ¹ = µI bethebifurcationparameter. Thustherealandimaginary
partsof Eq. 3.19provide two equationsfor two unknownsÃcrt andµcrt

I whicharedetermined
numerically.

4. Results

Simulationof unsteadytraveling fronts wasperformed by iterationof a moregeneralform
of map ~f . The generalmaptracksnon-planartraveling wavesby seekingthe next ignition
time in the setof unignited particleswhich have ignited neighbors. “Exact” ignition times
aredeterminedimplicitly by numericalroot �nding ratherthanexplicitly by time stepping.
As in the onedimensionalcase,steadyplanarfronts areinvariably found provided ignition
temperatureis suf�ciently low andtheboundaryconditionsareperiodic. Planarfronts may
alsobefoundfor no-�ux boundaryconditionsprovidedtheimageparticlesgeneratedby the
boundaryarecenteredat locationswhich correspondto latticepointsin theextendeddomain
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R2. In particular, we saythatboundarylocationsx = a andx = bmaintainthesymmetryof
thegrid if, for all i andk thereexistsintegersolutionsto l andj in eachof theequations

b+ 2k(b¡ a) ¡ x i = ml + x j ;
a ¡ 2k(b¡ a) ¡ x i = ml + x j ;

x i + 2k(b¡ a) = ml + x j ;
x i ¡ 2k(b¡ a) = ml + x j :

(4.1)

It canbeshown thatwhenboundaryconditions aresetwhich breakthesymmetry of the
grid, planarsolutionsdonotexist.

Figure3. Temperature®eldsassociatedwith steadysolutionsonthehexagonalgrid. Fromtop
to bottomeach columncorrespondsto a time increasingseriesof snapshotsassociatedwith a
singleperiodof anupward propagatingwave. In thecolumnontheleft no-¯uxboundariesare
locatedat x l = 0 andx r = m ¡ 1=2. In themiddlecolumn x l = ¡ 1=4 andx r = m ¡ 1=4.
In theright columnx l = ¡ 1=2 andx r = m. Here² = 0, ° = 1 , andµI = 0:4.

Figs. 3 and4, for example,show a seriesof snapshotsassociatedwith steady(±~¿0 =
~f (±~¿0)), upwardpropagating wavesfor threetypesof insulationboundaryconditions.In the
columnon the left (in both �gures) we seesteadyplanarsolutionsassociatedwith no-�ux
boundaryconditionswith boundarylocationschosento maintainthesymmetryof thegrid. In
thecentercolumns,wehaveperturbedtheno-�ux boundarylocationsassociatedwith theleft
columnsoasto createanexcessof heat(by re�ection) neartheboundariescausingparticles
nearthereto ignite early. The preserved left-right symmetryof the Cartesiangrid induces
a front which propagatesfrom the boundariesto the centerasseenin Fig. 4. In the center
columnof Fig 3 thefront appearsto propagatefrom centerto boundaries. In thecolumnson
theright, theno-�ux boundarylocationsassociatedwith the left columnareperturbedsoas
to createa scarcityof heatneartheboundariescausingparticlesnearthereto ignite late. On
bothgridsthecombustion waveclearlyinitiatesnearthecenterandpropagatesoutward.



A simplemodelof two dimensionalsolid �ame microstructure 12

Figure4. Temperature®eldsassociatedwith steadysolutionson theCartesiangrid. Fromtop
to bottomeach columncorrespondsto a time increasingseriesof snapshotsassociatedwith a
singleperiodof anupward propagatingwave. In thecolumnontheleft no-¯uxboundariesare
locatedatx l = ¡ 1=2 andx r = m¡ 1=2. In themiddlecolumnx l = ¡ 1=4 andx r = m¡ 3=4.
In theright columnx l = ¡ 3=4 andx r = m ¡ 1=4. Here² = 0, ° = 1 , andµI = 0:4.

A seriesof simulations werealsoperformedto investigate the behavior of the system
asignition temperatureis increased.For thesesimulations thenumberof particlesin a layer
of the samplewassetto m = 12 andthe parameters° and² wereset to in�nity andzero,
respectively. Simulationsindicatethat (1) steadyplanarsolutionsbecomeunstableat some
critical valueof ignition temperature,(2) unsteady, planarsolutionsdonotexist, and(3) there
exist regionsfor whichmultiplestablesolutionsexist.

To demonstratetheseresultswe de�ne instantaneousaveragecombustion speedasthe
inverseof thedifferencebetweentheaverageignition timesof particleswhich lie in thetwo
mostrecentlycombustedadjacentlayers,sothat

¹uk =

"
1

m¢ g

mX

j =1

¡
¿mk + j ¡ ¿m(k+1)+ j

¢
#¡ 1

: (4.2)

Figs. 5, 6, 7, 8, and9 plot thesteadystatebehavior of this quantityfor bothgridswith
thetwo setsof boundaryconditionswhichmaintainthesymmetryof thegrids.Heresolutions
were generatedby continuation, either increasingor decreasingignition temperaturefrom
somevalue.

In all cases,solutionsfor µI < 0:44 are uniformly steadyand planar. As ignition
temperatureis increasedthe map ~f undergoes a period doubling bifurcation. Average
combustion speed,however, undergoesa perioddoubling bifurcationfor thehexagonalgrid
only. Theaddedsymmetryof theCartesiangrid causesthebifurcation in uk to besteady.
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Figure5. Two computationalrunsonthehexagonal grid with steadystatesolutionsgenerated
by map iteration with initial conditions obtained by continuation. In run 1, bifurcation
parameteris increasedfrom µI = 0:44until extinction occursatµI ¼ 0:6. In run2,bifurcation
parameter is decreasedfrom µI ¼ 0:6 to µI = 0:44.
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Figure6. Two computationalrunsonthehexagonal grid with steadystatesolutionsgenerated
by map iteration with initial conditions obtained by continuation. In run 1, bifurcation
parameteris increasedfrom µI = 0:43until extinction occursatµI ¼ 0:6. In run2,bifurcation
parameter is decreasedfrom µI ¼ 0:57 to µI = 0:44.

Bi-stability is demonstratedby choosingrandominitial conditionsfor someµI nearthe
extinction limit thenusingcontinuationto tracethe new branchtoward 0:44. Note alsothe
existenceof chaoticsolutionswheninsulationboundaryconditions areset. Fig. 8 is alsoof
particularinterestasit demonstratesa pair of coincidentperioddoubling cascadesoccuron
theCartesiangrid. It is alsointerestingto notethat themajordoublinginitiatesat nearlythe
sameignition temperature at which a similar cascadeinitiates in the onedimensionalcase
despitethefactthatthesolutionin 2d is non-planar.
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Figure 7. Threecomputationalruns on the Cartesiangrid runs with steadystatesolutions
generatedby map iteration with initial conditions obtained by continuation. In run 1,
bifurcationparameter is increasedfrom µI = 0:44 until extinction occurs at µI ¼ 0:56. In
run 2, bifurcationparameter is increasedfrom µI ¼ 0:51 to µI = 0:56. In run 3, bifurcation
parameter is decreasedfrom µI ¼ 0:54 to µI = 0:44.
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Figure 8. This is a blowup of Fig. 7 which demonstrateperioddoubling cascadesfor runs1
and2.

4.1. Stability Boundaries

Neutral stability curves associatedwith steady, planarwaves were determinedin the two
dimensionalparameterspace(µI ; ° ) for m = 12in thelimi t of ² ! 0. Not surprisingly, these
boundariesmimic the behavior seenin the onedimensionalcase.Also stability boundaries
for periodicandinsulationboundaryconditionsarecoincident.

4.2. SampleWidth andthe“DispersionRelationship”

Of interestalsois thecritical ignition temperatureassociatedwith a sampleof in�nite width.
Of course,this quantity cannotbe calculatedusing this method. However, a numerical
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Figure 9. Two computationalrunson theCartesiangrid with steadystatesolutionsgenerated
by map iteration with initial conditions obtained by continuation. In run 1, bifurcation
parameter is increasedfrom µI = 0:42 until extinction occurs at µI ¼ 0:58. In run 2,
bifurcationparameter is decreasedfrom µI ¼ 0:57 to µI = 0:44.
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Figure10. Neutralstability curvesassociatedwith steadyplanar waves.

investigation of widesamplesgivessomeclueasto thestabilityof suchasystem.Figs.11and
12 show that for m small the critical ignition temperature(µcrt

I ) is strongly dependentupon
“wave length” of theperturbationm. For largem, critical ignition temperatureis relatively
insensitive to changesin m. Finally, wenotethat,on theCartesiangrid,

µcrt
I (mk) · µcrt

I (m); 8m; k 2 N: (4.3)

5. Concluding Remarks

We have shown that complex dynamicsmay be generatedin a simplemodelof solid �ame
microstructureanddemonstratedhow macroscopicallysteadyfrontsmayexhibit highdegrees
of variability on the microscopic(or inter-particle) scale. Simulations have shown that
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Figure 11. Critical ignition temperatureassociatedwith steadyplanar waves asa function
of the ªwave lengthº m of the perturbation.On the hexagonal grid, both steadyandperiod
doubling bifurcationsexist andarecoincidentwhenreactionrate° is small.
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Figure 12. Critical ignition temperatureassociatedwith steadyplanar waves asa function
of theªwave lengthºm of theperturbation.On theCartesiangrid all bifurcationsareperiod
doubling anddueto theadded symmetry, µcrt

I (mk) ¸ µcrt
I (m).

complex behaviorssuchasbi-stability of solutionsaswell asaperioddoublingcascadesmay
be found. Additionally, we seesizableregions in parameterspacefor which chaotic,or at
leastlargeperiod,solutionscanbefound.Finally, wehavedemonstratedthattheformulation
of a history dependentiterative may be usedto describethe fundamentally discretenature
of combustion on the inter-particle scale. This mapmay thenbe analyzedanda dispersion
relationshipgeneratedto obtainstability boundariesof solutions.
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