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1 In tro duction

Dynamics arise in many systems

� Mechanics: vibrations, coupledstructural elements

driven by external force ) complexbehavior even in simple driven pendulum

planetary motion: n-body problem
planetary systemstable?

� Fluids: Rayleigh-B�enard convection ! WWW
transitions betweendi�eren t spatially periodic or disorderedstates
transition to turbulence in pipe 
o w: suddenchangefrom laminar to turbulent 
o w

� Chemicalsystems:Belousov-Zhabotinsky reaction: spiral waves! WWW

ames ! WWW

� Economics:
pig cycle,delay betweenprice and investment
job market: delay by education
increasedemand: more freshmen
! 4 yearslater too many job applicants, reducedchances
! fewer freshmen

demand       freshman

graduating

demand

t

� Dynamics in the heart:

contraction = excitation of muscle(wave at ball game,excitable)
propagateslike a wave
defectsin waves: spirals, diseases
�brillations

WWW: rabbit heart picture
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Nonlinear Systems:

� changesin qualitativ e behavior

non-smooth dependenceon parameters:

WWW: Taylor vortex 
o w: torque & 
o w pictures

� multiplicit y of solutions: hysteresis

rolls vs. spiral-defectchaosconvection

� chaotic dynamics
many frequencies,coexisting (unstable) periodic solutions

Simple illustration: linear vs. nonlinear

Consider

f (x; � ) = 0

µ increases 

                        

non linearlinear

µ increases 

                        

..(essentially) always
1 unique solution
quantitativ e but
no qualitativ e change

..# of solutions can changewith � .
solutions appear and disappear
quan titativ e and qualitativ e changes

Example: TVF, torque & 
o w pictures, multiplicit y, phasediagram (WWW)

Mathematical Description of Dynamics:

Di�eren tial Equations & Maps
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ordinary di�eren tial equations(ODE): coupledoscillators
partial di�eren tial equations(PDE): heat eqn., reaction di�usion eqn. Navier-Stokes
Maps: stroboscopicdescription of (near) oscillatory behavior

Linear :
•u = Au

Superposition of solutions to get general solution for all initial conditions

Notation: _u � du
dt , temporal derivative, u = (u1; u2; :::; un )

Example: 2 masseswith springs,u = longitudinal motion of masses
parallel and anti-parallel mode (lower and higher frequency)
any motion = parallel + anti-parallel

parallel

antiparallel

PDE for continuousstring:

•u = u00 0 < x < L

Fourier expansion

u(x; t) =
1X

n= �1
un (t) ei 2�

L nx

Notation: u0 = du
dx , spatial derivative

Eigenmodes: each un satis�es:

•un = � (
2� n
L

)2un ! un (t) = un (0)ei 2r n
L t

Di�eren t modesdo not interact

Nonlinear: no superposition, di�eren t modesdo in teract!

•u = u00+ u2
|{z}

P
un um ei 2�

L ( n + m ) x
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u2 generatesnew wave numbers: couplesn & m to n + m and to n � m

Any interaction betweendi�eren t objects (A and B) implies nonlinearity:
evolution of A dependson state of A and that of B

! Cannot build generalsolution from a set of basicsolutions by simply adding them

! in general: cannot �nd exact solutions: HARD .

Numerical Solution:

� con�rms the model/basic equations:
of great interest if model hasnot beenestablished,e.g.,chemicaloscillations,heart
muscle

� givesquantitativ e details for speci�c valuesof systemparameters:
thesedetailsmay not beaccessiblein experiments: 3d 
uid 
o w, turbulent, chemical
concentrations of each species

We will alsousenumerical methods

Overview and Insigh t: Qualitativ e Analysis

� changein behavior as systemparametersare changed

transitions betweenqualitativ ely di�eren t states

� analytical techniquesfor transitions

approximations near transition points

� visualization: geometry of dynamics , phasespace

� overview of all possiblebehaviors

Example: mass-spring-system

d2x
dt2

= �
k
m

x

we will write all di�eren tial equationsas �rst-order systems:

_x = v

_v = �
k
m

x

m x

k
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without friction with friction

v

x
x

v

for any initial condition periodic motion with friction relaxation to �xed point

complete overview of all possiblesolutions
(here linear ! not much going on.)

Conserv ativ e Systems

� almost all di�eren t initial condition lead to di�eren t states

Dissipativ e Systems

� rangeof initial conditions leadsto samestate: attractors

� transitions : qualitativ e changein attractors

We will mostly focuson dissipative systems.
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2 1-d Flo w

2.1 Flo w on the Line

Any �rst-order di�eren tial equation with constant coe�cien ts,

_x = f (x);

can be solved exactly for any f (x) (by separationof variables).

Z x

x0

dx
f (x)

= t � t0

Example: _x = sinx

t =
Z dx

sinx
=

Z
cscxdx

t = � ln j cscx + cot xj + C

Now what? What have we learned?

Even if we could solve for x, would we have an overview of the behavior of system for
arbitrary initial conditions?

Geometricalpicture: phase space (or phaseline in 1 dimension)

x

_x = f (x) de�nes a 
ow in phasespaceor a vector �eld

For 1d: plot in addition f (x)

f(x)
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Conclude: any i.c. endsup in oneof the �xed poin ts at xn = (2n + 1)� .
Fixed points are stagnation poin t of the 
o w

Stabilit y:

� 
o w into xn = (2n + 1)� : stable

� 
o w out of xn = 2n� : unstable

Of course: for quan titativ e results (`numbers') we needthe detailed solution

Example: Population Growth with Limited Resources

N = # of animals
_N = g(N )N

g(N ) = net birth/death rate

Limited food/space:
births decrease,deathsincreasewith increasingN

g = � � � N

Logistic growth model

_N = � N � � N 2

Make dimensionless:

[� ] = 1
s [� ] =

1
s

1
#

1
� characteristic growth time

�
�

characteristic population site

Introduce

t =
1
�

� N =
�
�

n

Question: If population goesto someequilibrium, what sizewould you expect?

�
� is the only characteristic sizeafter initial condition is forgotten ) expect N ! �

�

@� n = n � n2
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Could solve by partial fraction

Instead, considerphasespace:

n

saturation

exp growth

t

1 n

dn
dt

�xed points: n = 0, n = 1


o w indicates: n = 0 unstable,n = 1 stable

indeed: all i.c. go to N = �
� .

Linear Stabilit y:

Study e�ect of small perturbation away from �xed point

Linearize around �xed points:

n = n0 + �n 1(� ) � � 1
O(� 0) : 0 = n0 � n2

0

) n0 = 1 or n0 = 0
O(� 1) : @� n1 = n1 � 2n0n1 = (1 � 2n0)n1

) n1 / e� (1� 2n0 )�

n0 = 1 ) 1 � 2n0 < 0 stable
n0 = 0 ) 1 � 2n0 > 0 unstable

more generally

_x = f (x)
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stabilit y:

x = x0 + �x 1

_x1 = f 0(x0)x1

stable: f 0(x0) < 0
unstable: f 0(x0) > 0

Note: for coupledsystemsf 0(x) is replacedby Jacobianmatrix:
eigenvaluesdeterminestability.

Discussion of Logistic Gro wth Mo del

Examples:
(cf. �gures on WWW)

growth of yeast: model seemsquite good

beetles:early times O.K., no stable saturation

Assumptionsmade:

� N and birth/death processesare continuous

) o.k. for population with large N

smaller N : expect jumps, 
uctuations

� density not too large: ignored N 3 etc.

{ if all neglectedterms aresaturating: no qualitativ echangeif terms areincluded

{ if low-order terms are destabilizing:
needto include higher-orderterms to avoid blow-up
could get bistability between2 populations if terms are included

� growth rate dependsonly on N at the same time : no delay

not satis�ed for animals with more complex life cycle

eggs:hatching and laying new eggs(`new births') much later

) overshoot possible:
although little food/space many births resulting from earlier high-supply times

expect oscillations? (HW)

� stable agedistribution
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E�ect of agedistribution:

increasedbirthrate increasesnumber of younganimals
! peak in distribution travels through agedistribution

age

N

only mature animals 
contribute to births

Þ
with

time

N

age

2.1.1 Imp ossibilit y of Oscillations:

Can the solution approach �xed point via oscillations ?

t

No!

graphically:

to get to other sideneedto cross �xed point
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! systemevolvesmonotonically between�xed points

More general concept: poten tial

_x = f (x) = �
dV
dx

with V = �
Z

f (x)dx

Consider:

dV
dt

=
dV
dx

_x = � (
dV
dx

)2 � 0

V is non-increasing) V cannot return to previousvalue

dV
dt

= 0 )
dV
dx

= 0 ) _x = 0 �xed point

x either goesto �xed point or divergesto �1 (if V is not boundedfrom below).

Compare: mechanical systemis overdamped limit

m•x = � � _x + F (x)

for very small mass(no inertia)

_x =
1
�

F (x)

Overshoot requiresinertia, 2nd derivative.

Note: The conceptof the potential can be extendedto higher-dimensionalsystems

2.2 Existence and Uniqueness

So far we assumedwe always get a unique solution for all times:

� at any time `we know whereto go'

� we can continue this forever

Solutions to

_x = f (x)
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1. do not have to exist for all times:
for given initial condition solution may ceaseto exist beyond sometime

2. do not have to be unique:
sameinitial condition can lead to di�eren t states later.

1. Existence

solution can disappear by becomingin�nite

if this happensin �nite time then there is no solution beyond that time

Example:

_x = + x � with x(0) = x0 > 0

Z
x � � dx =

Z dx
x �

= t + C

1
1 � �

x1� � = t + C

initial conditions:

C =
1

1 � �
x1� �

0

x =
�
(1 � � )t + x1� �

0

� 1
1� �

Solution divergesat

t � =
x1� �

0

� � 1
if � > 1

i.e. for � > 1 divergencein �nite time .

Note: divergencein in�nite time no problem: x(t) = et

2. Uniqueness

Considerpreviousexamplefor 0 < � < 1

) x = 0 for t � =
x1� �

0

� � 1
< 0

Solution can start at t � with x(t � ) = 0 and grow from there.

But: ~x(t) � 0 is a solution for all times

15



) can start with ~x(t) = 0 for t < t � and 'switch' to x(t) > 0 beyond t � . The combined
solution is continuousand satis�es the di�eren tial equation.

Th us: two di�er ent solutions satisfy the sameinitial condition (at t � ).

2 solutions for 
same initial
condition             

solution "splits"

Worse: t � dependson x0

) can pick any t � and patch the solutions at that t �

) in�nitely many solutions with identical i.c. x = 0.

Note: in order to get \across the splitting" needto reach 0 in �nite time
(splitting has to be crossedin �nite time)

Theorem 1:
If for

_x = f (x; t)

� f (x; t) is continuous in jt � t0j < � t in jx � x0j � � x and has maximum M there,
and

� f (x; t) satis�es Lipschitz condition within � x and � t:

jf (x1; t) � f (x2; t)j � K jx1 � x2j 8x1; x2 2 jx � x0j � � x

with someconstant K

then the solution existsfor a �nite time interval jt � t0j � � T and is unique. The interval
is given by

� T = min
�

� t;
� x
M

�

Discussion:
1see,e.g., Lin & Segel,Mathematics applied to deterministic problemsin the natural sciences, p.57

16



f (x) = jxj � doesnot satisfy Lipschitz condition at x = 0 for 0 < � < 1:
would need

jxj � � K x 8x near x = 0

i.e. K � jxj � � 1 ! 1 for x ! 0 and � < 1

Thus: uniquenessof solution is not guaranteed.

Note: If f 0(x) is continuous then f (x) satis�es the Lipschitz condition and the solution
is unique.

2.3 Bifurcations in 1 Dimension

We had: in 1d �nal state always �xed point (if dynamicsare bounded)

How many �xed points? How can number of �xed points change?

) Introduceparameter �

f (x; � ) = 0

Creation of �xed point: small changein �

) analysisin neigh borho od of somespecial value of �

Question: Doesthe solution persist when the parameter is changed?Is it unique?

µ  

                        

x

2.3.1 Implicit Function Theorem

Lo cal analysis near �xed point for small changesin � :

Taylor expansion

f (x; � ) = f (x0; � 0)
| {z }

=0

+
@f
@x

(x � x0) +
@f
@�

(� � � 0) +
1
2

@2f
@x2

(x � x0)2 + � � �

17



(All derivativ es evaluated at x0 ; � 0 )

�xed point: f (x0; � 0) = 0

If @f
@x jx0 ;� 0 6= 0 ) solve uniquely for x

x � x0 = � (� � � 0)
@f
@u
@f
@x

+ O(� 2)

Thus, in this casethere is a branch of solutions.

More generallyfor higher dimensions:Implicit function theorem

ConsiderSolutionsof

f (x; � ) = 0 x 2 R n f smooth in x and �

If

f (x = x0; � = � 0) = 0 and det

 
@f i

@x j

!

6= 0 at � = � 0 and x = x0;

then there is a unique di�eren tiable X (� ) that satis�es

f (X (� ); � ) = 0 and X (� = � 0) = x0:

Th us: if det
�

@f i
@xj

�
6= 0 there is a branc h of solutionsgoingthrough x = x 0 as� is varied.

µ  

                        

x

branch of solutionsx

µ  

                        

0

0

Notes:

� In 1d: det @f i
@xj ! df

dx = f 0(x)
) as seenin explicit calculation: if f 0(x) 6= 0 branch persistsuniquely

� We have: stabilit y changesif f 0(x) = 0
) change in num ber of �xed poin ts requireschange in (linear) stabilit y of
�xed point.

� generic prop erties are those properties that do not require any tuning of the
parameters

When picking parametersrandomly oneexpects @f
@x jx0 ;� 0 6= 0,

i.e. needto tune � to get @f
@x jx0 ;� 0 = 0

) generically there is a smooth branch

18



� changein x is smooth in � if @f
@x 6= 0

� x � � �

x

+0

0

0

x x

x

m m m m0 +

D

D

2.3.2 Saddle-No de Bifurcation

What happenswhen @f
@x = 0?

Needto go to higher order in Taylor expansion(choosex0 = 0; � 0 = 0)

f (x; � ) = f (0; 0)
| {z }

=0

+
@f
@x|{z}
=0

x +
@f
@�

� +
1
2

@2f
@x2

x2 +
@2f

@x@�
x� +

1
2

@2f
@� 2

� 2 + : : :

Solve again:

x2 = �
2

@2 f
@x2

8
>>>><

>>>>:

@f
@�

�
| {z }

x= O(� 1=2 )

+
@2f

@x@�
x�
|{z}

O(� 3=2 )

+
1
2

@2f
@� 2

� 2 + � � �

9
>>>>=

>>>>;

Try di�eren t balancesof x and �

x � � ) contradiction
x � � 1=2 ) consistent

Thus

x1;2 = �

vu
u
u
t � 2

@f
@�
@2 f
@x2

� + O(� )

Notes:

� If implicit function theoremfails onegetshigher-orderequation with multiple solu-
tions (depending on parameters)
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� changein x is not smooth in �

Dynamics:

_x = f (x; � ) = a� + bx2 + h.o.t.

with

a =
@f
@�

� @� f b=
@2f
@x2

� @2
x f

Note:

� this is the universal form of equation near saddle-node bifurcation

Bifurcation diagrams: plot all solution branchesas function of �

Relevant parameters:

a
b

=
@� f
@2

x f
�

@f
@�
@2 f
@x2

a
b < 0 and a > 0 a

b > 0 and a > 0

µ  

                        

x

x-direction � phaseline. Arrows indicate 
o w on phaseline

20



x

f

f

x

marginally
stable

f

x                                                               

Minimum of f genericallyquadratic ) universal form of equation

Notes:

� 2 �xed points are created/destroyed. Single solutions cannot simply pop up or
disappear: mergingand annihilation of 2 solutions

� coinciding �xed points at � = 0 are marginally stable:
@x f changessign going along solution branch: change in stabilit y

� 
o w changesdirection only locally :
only when � goes through 0 and only near bifurcation point x = 0 
o w changes
direction.
Away from bifurcation point 
o w qualitativ ely unchangedwhen � changes(arrows
far away remain the same).

� in higher dimensions:saddle-node bifurcation

stable � node unstable � saddle
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� saddle-node bifurcation is the generic bifurcation when a real eigenvalue goes
through 0.
The only condition is @x f = 0: this is the condition for any bifurcation to occur.
`Expect' saddle-node bifurcation, if any.

Example:
Convection of a layer heatedfrom below (N u measuresheat transport):

Nu

TD

Here saddle-node bifurcation part of a larger bifurcation scenario

Saddle-node bifurcation sometimesalsocalled \blue-sky bifurcation"

2.3.3 Transcritical Bifurcation

Considersystemfor which 1 solution (x = 0) exists for all � (special condition):

f (0; � ) = 0 for all �

Taylor expansion:

) f (x; � ) = f (0; 0)
| {z }

=0

+ @x f
| {z}
=0

x + @� f
| {z}
=0

� +
1
2

@2
x f x2 + @2

x� f x� +
1
2

@2
� f

| {z }
=0

� 2 + : : :

First three terms and last term vanish because:
x = 0 �xed point, a bifurcation occurs,symmetry of f (x; u)

Universalevolution equation

_x = x (a � + bx) + � � �

with
a = @2

x� f b=
1
2

@2
x f

Fixed points:

x1 = 0 x2 = �
a
b

� � �
@2

x� f
1
2@2

x f
�
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Two cases:
a
b

< 0 a > 0

µ  

                        

x

a
b

> 0 a > 0

Notes:

� \exchangeof stabilit y"

� subcritical branch:

Su�cien tly large perturbation can lead away from (linearly) stable �xed point.

Examples:

a) Hexagonconvection
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� large perturbation kicks solution above unstablebranch of transcritical bifurcation.

� For � > 0 the lower branch is unstable in a di�eren t way (instabilit y not contained
in the singleequation)

b) Logistic equation

_N = �N � N 2

N

m

for � < 0 lower branch unphysical sinceN > 0 required

c) Simple Mo del for Laser

Optical cavit y with excitable atoms

pump

laser output

Dynamics of atoms:

� atoms are excited by pump2

� atoms emit photons and go to ground state

{ spontaneously: spontaneousemission

{ due to other photon: stim ulated emission
a photon triggers the emissionof a photon from excited atom

_N = P � f N � gnN

N : excited atoms, P: pump, f : decay through spontaneousemission,
g: \collision" with photon takesatom to ground state (stimulated emission)

Dynamics of photons:
2Atoms are also excited by photons already present; e�ect much smaller than pump (n is small near

onset of lasing)
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� photons generatedby stim ulated emission

� photons leave through end mirrors

_n = GN n � �n

n: photons,G: gain, � : output/loss

Note: n counts only photons with correct phase(only those generatedby spontaneous
emission)

Now: we have 2 equations: too di�cult

model the N -equation: steadystate # of excited atoms will be reducedby photons

N = N0 � � n

) _n = G(N0 � � n) n � �n

again sameequation as for logistic growth

g

n            

Note:

� we will learn under what conditions the model for N is justi�ed:
reduction from many ode's to few/single ode by center-manifold reduction.

2.3.4 Pitc hfork Bifurcation

Systemswith re
ection symmetry x ! � x

_x = f (x; � ) with f (x; � ) odd in x

) x = 0 solution for all �:

Taylor expansion:

f (x; � ) = a|{z}
@2

x� f

x� + b|{z}
1
6 @3

x f

x3 + : : :

x0 = 0

x2;3 = �
r

�
a
b

�
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a
b

< 0 a > 0
a
b

> 0 a > 0

supercritial subcritical

Notes:

� supercritical ) saturation of instabilit y

� subcritical ) no saturation to cubic order
) needhigher-orderterms

� systemhas re
ection symmetry x ! � x

x0 = 0 solution has that symmetry as well

x2;3 = � p : : : do not have re
ection symmetry:
instead two symmetrically related solutions

) pitchform bifurcation = symmetry-breaking bifurcation

Examples:

a) buckling of a beam

or

reflection symmetric symmetry related

b) Rayleigh-B�enard roll convection:
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up-
o w down-
o w

Note:

� up ) down corresponds to translations by half a wavelength
intermediate positions alsopossible) larger symmetry

c) Ferromagnets

Phasetransition as temperature T increasedbeyond Tc: ferromagnetic) paramagnetic

Each atom carriesa magneticmoment (spin): si = � 1

Overall magnetization if the spinsalign on average:spontaneous symmetry breaking

Interactions:

� energyof spins in external magnetic �eld:

EH = � H si want to be parallel to �eld

� energyof spin - spin interaction:

ES = �
X

i;j

Jij si sj Jij > 0; want to be parallel to each other

P
is sum over neighbors

Total energy:

E(s1 : : : ; sN ) = �
X

i

H si �
X

i;j

Jij si sj

= �
X

i

0

@H +
X

j

Jij sj

1

A

| {z }
H ef f

i

si
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each spin si feelsa �eld that dependson neighbors

H ef f
i = H +

X

j

Jij sj

Probability of spin i with energyE i to have value si

P(si ) / e� E i =kT = eH ef f
i si =kT Boltzmann factor

k Boltzmann constant

Averagevalue of si

�si =
X

si = � 1

si P(si ) = P(1) � P(� 1)

However: H ef f
i still contains con�guration of all the other spins

) P(si ) very di�cult to calculate

Mean �eld appro ximation : replacelocal spin value by average

H ef f
i ! �H = H +

X

j

Jij �sj

= H + �sj|{z}
independent of j

X

j

Jij

| {z }
�J

Then
P(si ) =

1
N

e
�H si =kT with �H = H + �s �J

Normalization of probability:

1 = P(+1) + P(� 1) ) N = e
�H =kT + e� �H =kT

Averagemagnetizationsatis�es:

�s =
(+1) e �H =kT + (� 1) e� �H =kT

e �H =kT + e� �H =kT
= tanh

(
(H + �s �J )

kT

)

ConsiderH = 0:

�s = tanh(
�s �J
kT

)
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s
_

s
_

y =y

y = tanh( j s / K T )
__

B

Bifurcation at kT = �s �J .

Notes:

� pitchfork bifurcation sincesymmetry �s ! � �s

� supercritical pitchfork bifurcation , phasetransition of 2nd order.

� H 6= 0 breaksre
ection symmetry ) pitchfork bifurcation perturbed ) later.

Subcritical Pitc hfork Bifurcation:

For b> 0 needto include quintic term:

_x = �x + bx2
|{z}

destabil iz ing

� cx5
|{z}

stabil iz ing

Assume c > 0. In generalneednot saturate at quintic order

To get bifurcation diagram: plot � = � (x)

µ  

                        

x µ  

                        

x

Þ

plot of � ( x ) is upside do wn 
ip plot for bifurcation diagram

Note:

� 2 saddle-node bifurcations for � < 0
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� hysteresisloop & bistabilit y

� we performedan expansionin x: analysisstrictly only valid if \x small" on upper
branch: b ! 0, weakly subcritical

� b= 0: `tricritical' point

2.4 Imp erfect Bifurcations

For transcritical and for pitch-fork bifurcation to occur we needed2 conditions

� bifurcation occurs: @x f jx0 ;� 0 = 0

� additional coe�cien ts \happen to vanish," e.g.,becauseof somesymmetry

Only the saddle-node bifurcation requiresonly 1 condition

Saddle-node bifurcation is a codimension-1 bifurcation

Question: What happens when the additional conditions are weakly brok en in the
other cases?

Considerperturbed pitchfork bifurcation

_x = �x � x3 + h

Example: Ferromagnetwith external �eld

we had:

�s = tanh(� (H + �J �s)g

with tanh � = � �
1
3

� 3 + O(� 5)

onegets �s = 1 + b�s + c�s2 � d�s3 + O(�s4)

To get the equation above for x:

introduceshift: ~x = �s � �s0
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choose�s0 to eliminate quadratic term c~x2

rescalex = ~x=~x0 to set cubic coe�cien t to -1.

Solving directly for �xed point is cumbersome(although possible).

Graphic solution:

� < 0 � > 0

x

y = - h

µ x - x 

                        

y = 3

y 

y = - h

y = - h

y = - h

1

2

3

x

y 

Creation/annihilation of 2 �xed points;

Saddle-node bifurcation at extrema of �x � x3

xSN = �

s
1
3

� hSN = �

s
1
3

� ;
2
3

�

Bifurcation diagrams: 2 parameters

Vary h:
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x

h

m< 0

h

x                     

SN

SN

m> 0

Note:

� vary h up and down beyond saddle-node bifurcations: hysteresisloop

Vary � :

SN

µ  

                        

To make the pitchfork bifurcation generic:
break symmetry x ! � x ) transcritical bifurcation
break transcritical ) only saddle-node bifurcation

shift

break

Note:

� to get original unperturbed pitch-fork bifurcation have to tune 2 parameters

� = 0 & h = 0
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codimension-2 bifurcation

� symmetriesof the systemmay renderpitch-fork bifurcation a codimension-1pheomenon
(here re
ection symmetry)

Solution surface:

µ  

                        

x

µ  

                        

h

h

1 3 1 solution

cusp

µ  

                        

h

3
1

1

surfaceof cuspcatastrophe:

� catastrophesoccur as saddle-node bifurcations are crossed:
jump to other branch
min ute changeslead to large results.

Notes:

� A systemis called structurally stable if small perturbations of the equationsdo
not qualitativ ely changeits behavior

i) _x = � + x structurally stable

�xed point x = � �

ii) _x = � � + x2 not structurally stable

x = �
p

� for � > 0
x = 0 for � < 0

� A bifurcation is called degenerate if additional conditions \happen" to be satis�ed

� Unfolding of degeneratebifurcation:
introducesu�cien tly many parametersthat no degeneracyis left.
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2.5 Flo w on a Circle

For oscillationsneedreturn: two dimensionsneeded

v

x t
q

v

If oscillatory motion (circle) is su�cien tly attractiv e consideronly motion along closed
orbit:

Flo w on a circle

_� = f (� ) � 2 [0; 2� ]

Notes:

� f (� ) cannot be arbitrary: has to be single-valued, i.e. 2� -periodic

� f (� ) givesthe instantaneousfrequency

Example: Overdamped Pendulum with Torque

q

G

m`2•� + � _� = � mg` sin� + ~�
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considerlarge damping

_� = � � asin�

i) a = 0 (no gravit y)

� = � 0 + � t whirling motion

oscillation in horizontal coordinate:

x = ` sin� = ` sin(� 0 + � t)

t

x

ii) � > 0 (with gravit y)

a < a = a >

0 slow 2p 2pq

G G G

fast

bottle neck

slow
fast

q
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t t t

a < a = a >G G G
q q q

`ghost' of saddle-node bifurcation
) extremely slow motion

Note:

� quite generally: near a steadybifurcation the dynamicsbecomeslow:
growth/decay rates go to 0 (`critical slowing down').

Estimate period near bifurcation point:

T =
Z

dt =
Z 2�

0

d�
_�

=
Z 2�

0

d�
! � asin�

qe e+-

f(  )q

Considergeneralcasenear saddle-node bifurcation

_� = f (� )

with

f (0) = �; f 0(0) = 0

) f (� ) = � +
1
2

f 00(0)
| {z }

a

� 2 + O(� 3)
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T =
Z 2�

0

d�
f (� )

=
Z + �

� �

d�
� + a� 2 + O(� 3)
| {z }
divergesas � ! 0

+
Z 2� � �

�

d�
f (� )

| {z }
�nite as � ! 0

!
Z + �

� �

d�
� + a� 2

+ T0 for � ! 0

extract � -dependencefor � ! 0 (at �xed � ) using  = �p
�

1
�

Z 2
� 1=2

� 2
� 1=2

� 1=2 d 
1 + a 2

+ T0 !
1

� 1=2

Z 1

�1

d 
1 + a 2

+ T0 / � � 1=2

Notes:

� Saddle-node bifurcation on a circle is one way to generateoscillations.
Generically onehas then

T / � � 1=2

� other typesof bifurcations to oscillatory behavior lead to di�eren t T(� ),
e.g. Hopf bifurcation

T(� = 0) = T0 �nite :

� the fact that the saddle-node bifurcation leadsto oscillations is a global feature of
the system:
needglobal connection betweenthe generated�xed points

Examples:

i) Synchronization of �re
ies
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� light up periodically

� respond to neighboring �re 
ies

Considersingle �re
y with periodic light source

Light source: _ = 


Fire
y: _� = ! + asin( � � )

a > 0 :  > � ) �re
y speedsup

rewrite: � = � �  

_� = ! � 
| {z }
�

� asin(� )

�: frequencymismatch = detuning

� Fixed point: 
y 
ashes entrained by light source

j! � 
 j
| {z }

rangeof entrainment

< a and � 0 = arcsin
! � 


a
6= 0

Fly 
ashes lag behind/pull ahead,but phasedi�erence �xed: phase-lo cked state

� \Whirling" motion: j! � 
 j > a


ashes not synchronizedwith light source.

Notes:

� entrainment is a commonfeature of coupledoscillators

� in generalcoupling bidirectional.

ii) Excitabilit y in neurons

Vm

Na
+ +

K
fast slow

voltage dependent channels              
outside positive potential 

pumps for Na+
+K, ...

inside negative potential  

dV
dt

=
1
C

(I k+ + I Ca2+ + + I leak + � � �)

dI j

dt
= Fj (V; I j ) voltage gated channels
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� su�cien tly largedepolarization (V lessnegative) ) N a+ channelsopen,V becomes
positive rapidly

� positive V ) K + channelsopen, V becomesnegative again

Response:
V

V = 0

t
no spikerest potential

spike

Very simple model

_� = � � asin� � � a

large perturbation      spike

small perturbations      no spike

Þ  

Þ  

Note:

� for � closeto a even small perturbations can be su�cien t to excite a spike

� � large � � 0;a � � 0;s / j� � aj1=2

}

}

G

ÖG

- a

- a
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3 Tw o-dimensional Systems

New aspects:

� `true' oscillationswithout periodic \b oundary" conditions

� reduction of dynamicsto lower dimension

3.1 Classi�cation of Linear Systems

General linear system

_x = A x x(0) = x0

Formal solution

x(t) = eA tx0

with

eA t = 1 + A t +
1
2

A 2t2 + : : :

Simplify A by similarit y transformation:

In generalcan �nd S such that

S � 1A S =

 
� 1 0
0 � 2

!

or

S � 1A S =

 
� 1
0 �

!

Jordan normal form

Notes :

� � 1;2 are the eigenvaluesof A :

A v1;2 = � 1;2 v1;2

S � 1A S

 
1
0

!

= � 1

 
1
0

!

) A S

 
1
0

!

| {z }
v1

= � 1 S

 
1
0

!

| {z }
v1
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� all eigenvaluesdi�eren t

) S � 1A S diagonal

� dynamicsin eigendirectionssimple

eA t vi = f 1 + A t +
1
2

(A t)2 + � � �gvi =

= f 1 + � i t +
1
2

� 2
i t2 + � � �gvi =

= e� i t vi

along eigendirectionssimple exponential time dependence

� generalsolution

x(t) = e� 1 tv1A1 + e� 2 tv2A2

with x0 = A1v1 + A2v2

� eigenvaluescan be complex

� 1;2 = � � i!
x(t) = e� t (A1ei! tv1 + A2e� i! tv2)

� degenerateeigenvalues! modi�cations, seelater

Orbits in phasespace(plane):
 

_x
_y

!

=

 
� 1 0
0 � 2

!  
x
y

!

)
x = e� 1 tx0

y = e� 2 ty0

) et = (
x
x0

)1=� 1

y(t) =

 � x
x0

� 1=� 1
! � 2

y0 = y0

� x
x0

� � 2
� 1

Thus y(t) = C x(t)
� 2
� 1
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stable node

x
slow

fast

y

l 1 < 0,2

2 | |1|l l|>

stable node

2 | |1|l l|<

l 1 < 0,2

slow
y

xfast

� 1 � 2 < 0

hyperbola

unstable manifold 

saddle     

stable manifold  

l 1 < 0,2

error in lab eling: the � i ha ve opp osite signs in this graph

De�nition: Stable/unstable manifold of �xed point x0:

f x j x(0) = x ) x(t) ! x0 for t ! �1g

Note: � in generaleigenvectorsneednot be orthogonal

Example
 

_x
_y

!

=

 
3 � 2

� 1 2

!  
x
y

!

eigenvalues

det

�
�
�
�
�

+3 � � � 2
� 1 2 � �

�
�
�
�
�
= 6 � 5� + � 2 � 2 = 0

� 2 � 5� + 4 = 0
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� =
5 �

p
25� 16
2

=

(
+4
+1

eigenvectors:

� 1 = 4 : 3x � 2y = 4x ) y = �
1
2

x v1 =

 
1

� 1
2

!

� 2 = 1 : 3x � 2y = x ) y = x v1 =

 
1
1

!

fast

slow

v2

v1

in this graph the (straigh t) outgoing manifolds should not b e orthogonal

Possible Phase Portraits:

i) genericcases:

( stable or unstable )             Re(  ) < 0l                

spiral ( stable )
                 saddle                                node                                 complex eigenvalue                                                                                                                     

ii) special cases:

43



Re(  ) < 0l Im(  )    0l ¹l 2 = 0
center has wrong lab eling of eigen values: R e( � ) = 0

Last phaseplane diagram shows degeneratenode: only a singleeigenvector

A =

 
� 1
0 �

!

� < 0

the systemis almost oscillating

� Calculation of eigenvaluesin 2d:

detA = det(S � 1A S ) = � 1� 2 tr S � 1A S = � 1 + � 2

quadratic formula

� 1;2 =
+ tr A �

q
(tr A )2 � 4detA

2

Change in stabilit y: Re (� i ) = 0

i) tr A = 0 and detA > 0 ) � = � i! complexpair crossingimaginary axis

ii) tr A < 0 and detA = 0 ) � 1 = 0 � 2 < 0 singlezeroeigenvalue

Change in character:

real $ complex
�
tr A

� 2
= 4detA
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+ +

- -

 + -

+ -

thick: change
of stability

stable node

unstable node

saddle                  

stable
spiral

det A           

tr A = 2                                            tr A Ö      det A
____

l       l1 2= > 0

l       l1 2= < 0
degenerate node

l  = ±   wi

non-isolated
fixed point 
i.e. bifurcation (steady)

Notes:

� degeneratenode ) border betweennodesand spirals, doesnot quite oscillate

� non-isolated �xed points: steady bifurcation, one or more �xed points are cre-
ated/annihilated (details depend on nonlinearities)

3.2 Stabilit y

So far we had linear stabilit y. In higher dimensionsnew aspectsarise.

Linear Stabilit y

� with respect to in�nitesimal perturbations

� determinedby linearization

Example:
Damped-driven pendulum

m`2 •� + � _� = � mg` sin� + �
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write as �rst-order system:

_x = y � Fx (x1y)

_y = �
�

m`2
y �

mg`
m`2

sinx + � � Fy(x1y)

Fixed points:

y0 = 0 & mg` sinx0 = �

Expand:

x = x0 + �x 1(t) � � 1
y = y0 + �y 1(t)

Insert:

� _x1 = Fx (x0 + �x 1(t); y0 + �y 1(t)) =
= Fx (x0; y0)

| {z }
0

+ �x 1 @xFx j(x0 ;y0 ) + �y 1@yFx j(x0 ;y0 ) + O(� 2)

In matrix form:
 

_x1

_y1

!

=

 
@xFx @yFx

@xFy @yFy

!

| {z }
JacobianA

 
x1

y1

!

) linear stabilit y determinedby eigenvaluesof Jacobian

For pendulum

A =

 
0 1

� g
` cosx0 � �

m` 2

!

eigenvalues:

(� � )( � � �
�

m`2
) +

g
`

cosx0 = 0

� 2 + �
�

m`2
+

g
`

cosx0 = 0

� 1;2 =
�

m`2
�

1
2

vu
u
t

 
�

m`2

! 2

� 4
g
`

cosx0 = 0
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Eigenvaluesin complexplane:

linearly stable marginally stable unstable

l Î C

A ttractor:
A set of points (e.g. a �xed point) is attracting if all tra jectories that start closeto it
convergeto it, i.e.

for all x(0) near xF P : x(t) ! xF P for t ! 1

or 

Notes: systemneednot approach attractor right away

Ly apuno v Stabilit y:
A set is (Lyapunov) stable if all orbits that start closeto it remain closeto it for all times.
Technically, for any neighborhood V of xF P onecan �nd a U � V such that if x(0) 2 U
then x(t) 2 V for all times.

     VU

Notes:

� Lyapunov stabilit y of a set doesnot imply it is an attractor.

47



� attractor doesnot have to be Lyapunov stable

This �xed point is attracting but not Lyapunov stable (cannot �nd neighborhood that
limits excursion)

Asymptotic Stabilit y:
A set is asymptotically stable if it is attracting and Lyapunov stable, i.e. if all orbits that
start su�cien tly closeto a �xed point convergeto it as t ! 1 .

x(0)

�����

punov stable assymptotically stable                                                                          

U

V
U

xFP
xFP

Notes:

� asymptotically stable ) �xed point is attracting, it is an attractor.

� linear stabilit y ) asymptotic stabilit y ) Lyapunov stabilit y

� linear instabilit y ) instabilit y

� But: asymptotic or Lyapunov stabilit y do not imply linear stabilit y

Examples:

� Center is Lyapunov stable,but linearly neither stablenor unstable(marginally sta-
ble)
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� Stabilit y can be determinedpurely by nonlinear terms

_x = � x3

x = 0 linearly marginally stable

x(t) = �

vu
u
t x2

0

1 � 2x2
0� t

) � > 0 (nonlinearly) unstable
� < 0 (nonlinearly) asymptotically stable

3.3 General Prop erties of the Phase Plane

3.3.1 Hartman-Grobman theorem

Linear systems:can be completely understood

How much of that can be transferred to nonlinear systems?

De�nition: A �xed point x0 of _x = f (x) is calledhyperbolic if all eigenvaluesof @f i
@x j

have
non-zeroreal parts.

Th us: in all directions a hyperbolic �xed point is either linearly attractiv e or repulsive.
No marginal direction.

Hartman-Grobman Theorem:

If x0 is a hyperbolic �xed point of _x = f (x) then there existsa continuousinvertible func-
tion h(x) that is de�ned on someneighborhood of x0 and mapsall orbits of the nonlinear

o w into thoseof the linear 
o w. The map can be chosensothat the parameterizationof
orbits by time is preserved.
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h

(x©,y©) = h (x,y)

-1

_

y'

x'

y

x

Th us:

� For hyperbolic �xed point x0 the linearization of the 
o w givesthe top ology of the
nonlinear 
o w in a neighborhood of x0.

Note:

� If �xed point is not hyperbolic, linearization doesnot give su�cien t information:

_x = � x3

? ?

linearly marginally
stable different topology of flow

a a < 0> 0

� At any bifurcation the �xed point is not hyperbolic.

_x = �x + � x3

at � = 0 linear systemsequal for all � .
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subcritical pitchfork      supercritical pitchfork 

m

a a < 0> 0

Note:

� the 
o w in the vicinit y of a hyperbolic �xed point is structurally stable. This is not
the casewithout hyperbolicity, e.g. for centers, �xed points undergoingbifurcations.

3.3.2 Ruling out Persisten t Dynamics

For what kind of systemscan onerule out persistent dynamicslike periodic orbits?

i) Gradien t Systems, Poten tial Systems

If

_x = �r V(x) i.e. _x i = �
@V
@x i

with V � V0 for all x (boundedfrom below)
then

dV
dt

=
X

i

@V
@x i

_x i = �
X

i

(
@V
@x i

)2 � 0

Thus V eventually reachesa (local) minimum.

Then:

dV
dt

= 0 ,
@V
@x i

= 0 , _x i = 0 for all i

Thus, systemgoesto a �xed point.

Example: Mechanical overdamped particle in potential
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ii) Ly apuno v Functional

Neednot _x = �r V

Su�cien t for ruling out periodic orbits:

AssumeV(x) > V0 for all x 6= x0 with x0 �xed point

� if dV
dt � 0 for all x 6= x0 in neighborhood U

then x0 Lyapunov stable

� if dV
dt < 0 for all x 6= x0 in U

then x0 asymptotically stable

Note: Such a V is called a Lyapunov functional.

Example:

a) damped particle in boundedpotential

•x + � _x = �
dU
dx

i.e.

_x = v

_v = � � v �
dU
dx

Try total energy
V =

1
2

_x2 + U =
1
2

v2 + U

dV
dt

= v _v +
dU
dx

_x = v(� � v �
dU
dx

) +
dU
dx

v = � � v2 < 0

) �xed points asymptotically stable, no periodic orbits.

b)

_x = � x + 4y
_y = � x � y3
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Simplestattempt: try quadratic function that is boundedfrom below:

V = x2 + ay2 with a > 0:

dV
dt

= 2x(� x + 4y) + 2� y(� x � y3)

= � 2x2
| {z }

� 0

+ xy(8 � 2a)
| {z }

undetermined

� 2ay4
| {z }

� 0

) choosea = 4 ) dV
dt < 0 for x 6= 0 6= y

) (0; 0) asymptotically stable and no periodic orbits

Note: potentials rule out persistent dynamicsin arbitrary dimensions .

3.3.3 Poincar �e-Bendixson Theorem

� How complexcan the dynamicsbe in 2 dimensions?

� Can we guarantee a periodic orbit without explicitly calculating it?

Poincar �e-Bendixson Theorem:

Assume

� R is a closedboundedsubsetof the plane

� _x = f (x) with f (x) continuously di�eren tiable on an open set containing R

then

any orbit that remains in R for all t either convergesto a �xed point or to a
periodic orbit.

Simple Illustration:

� in onedimensionwe had: no periodic orbits
�xed point dividesphaseline into left and right
) cannot go back and forth
) no oscillatory approach to �xed point
) no persistent oscillations
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� in two dimensions:
what is more \complicated" than periodic orbit?
periodic orbit hassingle fundamental frequency!

x(t) = A cos! t + B cos2! t + C cos3! t + : : :

Can we have 2 incommensuratefrequencies?I.e.

! 1

! 2
6=

m
n

irrational

Considerapproach to periodic orbit in two dimensions:

not possible

Periodic orbit separatesphaseplane into inside and outside.
Oscillatory approach to periodic orbit not possible) No secondfrequency.
Systemhas to go to �xed point or periodic orbit.

Consequence of Poincar �e-Bendixson:

� The only attractors of 2d-
ows are �xed points or periodic orbits

� No chaos in 2 dimensions.

3.3.4 Phase Portraits

A phaseportrait capturesall relevant featuresof the phaseplane:

� �xed points with their stable/unstable manifolds

� periodic orbits

� separatricesand other additional orbits that visualizethe 
o w

54



Example 1:

_x = f (x; y) = y
_y = g(x; y) = x(1 + y) � 1

Nullclines:

f (x; y) = 0 ) y = 0

g(x; y) = 0 = x(1 + y) � 1 ) y =
1
x

� 1

Fixed Points:

y = 0 x = 1

Stabilit y of Fixed Point:

x = 1 + � x1 y = �y 1

 
_x1

_y1

!

=

 
0 1
1 1

!  
x1

y1

!

� 1;2 =
1 �

p
5

2
saddlepoint

Eigenvectors:  
x(1;2)

0

y(1;2)
0

!

=

 
2

1 �
p

5

!

Note:

� Fixed point is hyperbolic ) linear eigenvectors give directions of nonlinear stable
and unstablemanifolds

stable manifold

unstable manifold
nullclines 

x

y

Notes:
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� For _x = f (x) solution unique if all @f i
@x j

are continuous

) orbits do not intersect.

intersectionwould imply non-uniquesolution

� more complicatedphaseportraits can contain

{ separatrix: separatesbasinsof attraction of di�eren t attractors
{ heteroclinic orbit: unstable manifold of one �xed point is the stable manifold

of another, orbit connectsthe two �xed points
{ homoclinic orbits: orbit that returns to the same�xed point

separatrix =
homoclinic orbit

periodic
orbit

Example 2: GlycolysisOscillations

Yeastcellsbreak down sugarby glycolysis: simple model

ADP adenosinediphosphate _x = � x + ay + x2y = f (x; y)
F6P fructose-6-phosphate _y = b� ay � x2y = g(x; y)

For which parameter rangescan oneguarantee the existenceof a stable periodic orbit?

Phase portrait:

study nullclines : _x = 0 or _y = 0

f = 0 ) y =
x

a + x2

g = 0 ) y =
b

a + x2
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) �xed point at

y =
x

a + x2
=

b
a + x2

) x = b and y =
b

a + b2

exists for all b> 0; a > 0

f = 0                                              

g = 0+
-

- +

y

x

Null clinesshow: spiraling motion

� to �xed point?

� to periodic orbit? which?

� to in�nit y?

To usePoincar�e-Bendixson:

1. needtrapping region R

2. exclude�xed points from trapping region

57



1) Trapping Region:

x

y

need to exclude 
escape

Can we find line that 
does not get crossed?

Considerlarge x and y (check possibility of escape)

_x � x2y
_y � � x2y

)

along orbit onehas:
dy
dx

=
dy
dt
dx
dt

� � 1

Show that slope is steeper than -1
comparej _xj with j _yj more precisely

_x � (� _y) = � x + ay + x2 y + b� ay � x2 y
= b� x

) for x > b j _xj < j _yj
) 
o w inward along y = � x + C for x > b and C large enough

for y > b
a we have g < 0

) 
o w inward for y > b=a

f  

+
-

-+g

b

for y > b/a   g<0
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2) Fixed Points:

only a single �xed point
�
b; b

a+ b2

�

Stabilit y analysisshows �xed point unstable for

1 � 2a �
p

1 � 8a < 2b2 < 1 � 2a +
p

1 � 8a

) limit cycle guaranteed for this rangeof b (if a � 1
8)

Instabilit y at 2(b(1 ;2)
H )2 = 1� 2a �

p
1 � 8a is Hopf bifurcation. Oscillations occur for b(1)

H < b < b(2)
H . No steady bifurcation

possible.

Formally: trapping region needsto exclude(small domain around �xed point)
outside this rangeexpect convergenceto �xed point.

3.4 Relaxation Oscillations

Classof systemsfor which onecan seethe periodic orbit relatively easily:
N -shaped nullcline

Considerfor � � 1:

_x = � (y � F (x))
_y = x

with, e.g.,F (x) = � x + x3.

nullclines x = 0
                y = F (x)    Þ  

Þ  
x = 0
y = 0
.
.

For � � 1 horizontal motion much faster than vertical motion, exceptnear the nullcline
y = F (x)
) slowbranch and fast branch on the periodic orbit
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x

t

rapid switching 
between slow 
branches

Period of periodic orbit determinedmostly by time spent on slow branch.

On slow branch

y � F (x) ) _y �
dF
dx

_x

use _y = x ) _x =
x
dF
dx

� G(x)

T =
Z

dt �
Z dt

dx
dx =

Z 1
_x

dx =
Z 1

G(x)
dx

3.5 Weakly Nonlinear Oscillators

Exact nonlinear solutions usually impossibleto get.
Develop techniquesto calculateanalytically
- systematicapproximation to periodic orbits and
- systematicapproximation to transients approaching periodic orbits.

3.5.1 Failure of Regular Perturbation Theory

Considersimple linear exampleto demonstrateproblem

•x + 2�� _x + (1 + � 
) 2x = 0

with someinitial condition like x(0) = 0, _x(0) = 1.

Exact solution:

x � e�t ) � 2 + 2�� � + (1 + � 
) 2 = 0
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� 1;2 =
� 2�� �

q
4� 2� 2 � 4(1+ � 
) 2

2

= � i
q

(1 + � 
) 2 � � 2� 2 � ��
)

xexact = e� �� t
�
Aei! t + A � e� i! t

�

with
! =

q
(1 + � 
) 2 � � 2� 2

Attempt perturbation solution using

x = x0 + �x 1 + h:o:t

Insert

d2

dt2
(x0 + �x 1 + : : :) + 2��

d
dt

(x0 + �x 1 + : : :)

+ (1 + � 
) 2(x0 + �x 1 + : : :) = 0

Collect orders in � :
O(� 0):

d2

dt2
x0 + x0 = 0

x0 = Aeit + A � e� it = 2A r cost � 2A i sint

O(� 1):

d2

dt2
x1 + 2�

d
dt

x0 + 2
 x0 + x1 = 0

d2

dt2
x1 + x1 = � 2

�
� 2i� Aeit � 2
 Aeit

�

| {z }
� resonant forcing

+ c:c:

This is a second-orderconstant-coe�cien t inhomogeneousdi�eren tial equation:
Generalsolution:

x1(t) = xhomo(t) + xpar ticul ar (t)

with

d2

dt2
xhomo + xhomo = 0 ) xhomo = A1eit + c:c:
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Guess(`ansatz') for particular solution (since inhomogeneity is simple exponential func-
tion):

xpar ticul ar = Beit + c:c:

However:

d2

dt2
Beit + Beit = 0 ) cannot balanceinhomogeneity on r.h.s.

Could usemethod of variation of constantsxpar ticul ar = B(t)eit and reducethe order of
the equation and solve the resulting �rst-order equation by integration.

Here try ansatz:

xpar ticul ar = B t eit + c:c:

Insert:

d2

dt2
xpar ticul ar + xpar ticul ar =

B
�
0eit + 2ieit + (i )2 t eit + t eit

�
+ c:c: = � 2

�
� 2i� Aeit � 2
 Aeit

�
+ c:c:

) B =
1
2i

(� 2i� � 2
) A

Notes:

� resonant forcing leadsto (linear) growth without bounds: secularterms

� solution breaksdown for t = O(� � 1)

Comparewith exact solution

Approximation (solid line) grows (instead of decay) and haswrong frequency.
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But: approximation is expansionof exact solution in � :

xexact = e� �� t
| {z }

1� �� t+ O(� 2 )

�
Aei! t + c:c:

�

with

! =
q

(1 + � 
) 2 � � 2� 2

| {z }
1+ � 
+ O(� 2 )

xexact = Aeit + � (� � t + i 
 t) + O(� 2) + c:c:

Th us:

� Straightforward perturbation expansionmisses

{ slow growth/decay

{ small changein frequency

� secularterms suggestwhat true solution is doing.

3.5.2 Multiple Scales

Exact solution suggeststhat there are multiple time scales

t and T1 = �t and T2 = � 2t : : :

xexact = A sin(t + 
 T1 + : : :)e� � T1

) try x = x0(t̂; T1; T2 : : :) + �x 1(t̂; T1; T2 : : :) + : : :

Note:

� in this approach the two (or more times) are treated as essentially independent
variables(T � T1):

d
dt

x = @̂tx
dt̂
dt

+ @T x
dT
dt

+ � � � =
�
@̂t + �@T + O(� 2)

�
x

Redosamelinear problem:

(@̂t + �@T + � � �)2 (x0 + �x 1 + � � �) + 2� (@t + �@T + � � �) (x0 + �x 1 + � � �)
+ (1 + 
 � )(x0 + �x 1 + � � �) = 0
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O(� 0):

d2

dt2
x0 + x0 = 0

x0 = Aeit + A � e� it = 2A r cost � 2A i sint

Note:

� now A is not constant: A = A(T; T2; : : :)

O(� 1):

2@̂t@T x0 + @2
t̂ x1 + 2� @̂tx0 + 2
 x0 + x1 = 0

@2
t̂ x1 + x1 = � 2

 

i
d

dT
Aeit � 2i� A � 2
 Aeit

!

+ c:c:

Needto avoid secularterms ) require

d
dT

A = � � A + i 
 A

then no secularterms arise that grow linearly in time.

Solution

A = Ae� � T + i 
 T

x0 = Ae� � T ei t̂+ i 
 T + c:c:= Ae� �� tei (1+ � 
) t + c:c:

Th us:

� Two-timing (multiple scales)avoids secularterms and getsfrequencyshift and slow
damping correct to the order considered

� calculation easierin complexexponentials

Example: Du�ng oscillator

•x + x + �x 3 = 0

Ansatz:

x = x0(t; T) + �x 1(t; T) + � � �
 

d
dt

! 2

! @2
t + 2�@t@T + O(� 2)

64



O(� 0) :

@2
x x0 + x0 = 0 x0 = Aeit + A � e� it

O(� 1) :

@2
t x1 + x1 + 2@t@T x0| {z }

2i dA
dT eit + c:c:

+ x3
0|{z}

A 3e3it +3 jA j2Ae it +3 jA j2A � e� it + A � 3e� 3it

= 0

thus

d2

dt2
x1 + x1 = eit

|{z}
secularresonanceterm

(

2i
dA
dT

+ 3jAj2A

)

+ e3it A3 + c:c:

require:

dA
dT

= +
3
2

i jAj2A ) A = Ae
3
2 i A 2 t

x0 = A exp
�

i (1 +
3
2

� A 2)t
�

+ c:c:

Notes:

� nonlinearity inducesfrequencyshift

! soft and hard spring (�
<
>

0)

•x + (1 + �x 2)x = 0

� at higher orders in � additional frequencyshifts

) approximate and exact solution get out of sync for t � O(� � 2):

cos((! + �! 1+ � 2! 2)t
| {z }

� 2 ! 2 t � 2� ) t= O( 1
� 2 )

)

� two-timing also very useful near bifurcation, where one time scalebecomesvery
slow.
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More general form ulation:

At O(� ) oneobtains

Lx 1 = I (x0)

with linear operator L singular: Lx 0 = 0

Operators correspond to matrices:

if M x0 = 0 then

� det(M ) = 0 and
� M x = b hasonly a solution for special valuesof b:

Solvabilit y condition to remove secularterms (`Fredholm alternative' seelater).

3.5.3 Hopf Bifurcation

Considerexample

_x = �x � ! y + 
 x(x2 + y2) � � y(x2 + y2)
_y = ! x + �y + � x(x2 + y2) + 
 y(x2 + y2)

Linear stabilit y of (0; 0):

Eigenvaluesof
 

� � !
! �

!

) � 1;2 = � � i!

Cl Î

Rewrite in terms of complexamplitude

A = x + iy

) _A = (� + i! )A + (
 + i� )jAj2A
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rewrite again

A = Rei �

) _R = �R + 
 R3 _� = ! + � R2

) steadysolution

R0 =
s

�
�



� = (! + � R2
0)t + � 0

 
x
y

!

= R0

 
cos[(! + � R2

0)t + � 0]
sin[(! + � R2

0)t + � 0]

!

periodic orbit

Bifurcation diagrams:

A

Ai

r Ar

Ai

m m

gg < 0 > 0

"circles worth of solutions"

  

Note:

� Solutionsexist for any phase� 0: continuous family of solutions

� Although this example looks very special, it is the normal form for the Hopf
bifurcation and also for weakly nonlinear oscillators.
cf. Du�ng result

dA
dT

=
3
2

jAj2A

corresponds to � = 0; 
 = 0; � = 3
2 ,

� determinant of linearization doesnot vanish
) via implicit function theoremthe number of �xed points doesnot change.

67



Example:

_u = �u � v + u2

_v = u + �v + u2

Linear stabilit y of (0; 0) again
 

� � 1
1 �

!

) � = � � i

Eigenvectorsat the bifurcation point
 

0 � 1
1 0

!  
u0

v0

!

= � i

 
u0

v0

!

CompareDu�ng oscillator: •x + x = � �x 3

There we expandedin � : assumednonlinear term weak

Here: assumeu and v small

Basedon previousexampleguessu, v � � 1=2

Expansion

� = � 2� 2 T = � 2t

 
u
v

!

= �

 
u1(t; T)
v1(t; T)

!

+ � 2

 
u2(t; T)
v2(t; T)

!

+ � 3

 
u3(t; T)
v3(t; T)

!

+ c:c:

insert:

O(� ):

d
dt u1 = � v1
d
dt v1 = u1

)  
u1

v1

!

= A|{z}
A= A(T )

eit

 
1

� i

!

+ A � e� it

 
1

+ i

!

| {z }
c.c.

O(� 2):

d
dt

u2 = � v2 + u2
1

d
dt

v2 = + u2 + u2
1

needu2
1

u2
1 = e2it A2

1 + 2jAj2 + e� 2it A � 2
1
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Ansatz
u2 = B1e2it + B �

1e� 2it + C1

v2 = B2e2it + B �
2e� 2it + C2

/ e2it :

2iB 1 = � B2 + A2
1

2iB 2 = B1 + A2
1 ) B1 = 2iB 2 � A2

1

� 4B2 � 2iA 2
1 = � B2 + A2

1

B2 =
1
3

(� 2i � 1)A2
1

B1 = A2
1(

2
3

(+2 � i ) � 1) = A2
1(+

1
3

�
2
3

i ) = +
1
3

(1 � 2i )A2
1

/ e0it :

0 = � C2 + 2jA1j2 C2 = 2jA1j2

0 = C1 + ajAj2 C1 = � 2jA1j2

O(� 3):

@T u1 + @tu3 = � 2u1 � v3 + 2u1u2

@T v1 + @tv3 = u3 + � 2v1 + 2u1u2

u1u2 generatese� 3it and e� it .

reorder:

@tu3 + v3 = � @T u1 + � 2u1 + 2u1u2 � I 1eit + J1e3it + c:c:
@tv3 + u3 = � @T v1 + � 2v1 + 2u1u2 � I 2eit + J2e3it + c:c:

)

 
u3

v3

!

=

 
D1

D2

!

eit +

 
E1

E2

!

e3it + c:c:

needto solve
 

i 1
� 1 i

!

| {z }
M

1

 
D1

D2

!

=

 
I 1

I 2

!

and

 
3i 1
� 1 3i

!

| {z }
M

3

 
E1

E2

!

=

 
J1

J2

!

Now:
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� detM 3 6= 0 ) M 3 can be inverted )

 
E1

E2

!

� detM 1 = 0 ) M 1 cannot be inverted!

Solutionsexist only if

 
I 1

I 2

!

in rangeof M 1

Determine eigenvectorsassociated with 0-eigenvalue of M 1 :
 

i 1
� 1 i

!  
1

� 1

!

=

 
0
0

!

) look for left-eigenvector:

(u+
0 ; v+

0 )

 
i 1

� 1 i

!

= (0; 0)

) (u+
0 ; v+

0 ) = (1; + i )

Multiply equation from the left with (u+
0 ; v+

0 )

(u+
0 ; v+

x )M 1| {z }

= 0 for any
 

D1

D2

!

 
D1

D2

!

= (u+
0 ; v+

0 )

 
I 1

I 2

!

) Fredholm Alternativ e: there is only a solution if

u+
0 I 1 + v+

0 I 2 = 0 Solvabilit y Condition

Speci�cally:

I 1 = �
d

dT
A1 + � 2A1 + 2f� 2A i jA1j2 + A �

1(+
1
3

(1 � 2i )A2
1)g

I 2 = �
d

dT
A1(� i ) + � 2(� i ) + 2f� 2A1jA1j2 + A �

1(+
1
3

(1 � 2i )A2
1)g

Amplitude equation:

d
dT

A1 = � 2A1 � jA1j2A1

�

+1 +
7
3

i
�

Notes:

� The solvabilit y condition arisesbecauselinearization around �xed point is singular:
always the casefor bifurcation problems(steady bifurcation seelater)
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� Fredholm alternative: either

 
I 1

I 2

!

satis�es solvabilit y condition or there is no

solution.

Note: For the more generalequation

_u = �u � v + auv + b1u2

_v = u + �v � auv + b2u2

oneobtains for the cubic coe�cien t g

g =
1
2

a(b1 + b2) � b1b2 + i
1
6

�
� 4b2

1 + ab2 � 5b1a � 10b2
2 � 2a2

�

Thus:
for a = 0 = b1 the cubic coe�cien t is purely imaginary: vertical bifurcation ) have to go
to higher order

Origin of normal form : time-translation symmetry

look at periodic solution

u(t) = �e it A(T) + : : : = �e it R0ei 7
3 R2

0T + i � 0 + : : :

coe�cien ts in systemare time-independent

) ~u(t) � ei (t � t0 )R0ei 7
3 R2

0T + i � 0

is alsoa solution

~u(t) can alsobe written as

~u(t) = eit R0ei 7
3 R0T + i (� 0 � t0 )

Time translation by t0 can be absorbed into a shift � 0 ) � 0 � t0

) A(T)ei � 0 must be a solution for any � 0.

) the only nonlinear terms that are allowed are jA1j2nA1, n integer.

3.6 1d-Bifurcations in 2d: Reduction of Dynamics

Higher-dimensionalsystemscan undergothe samebifurcations as1-dimensionalsystems.

) can reducedynamicsto 1 dimensionnear the bifurcation.

71



3.6.1 Center-Manifold Theorem

Consider�rst linear exampleof stable node

_x = �x

_y = � y

9
>=

>;
y = y0

� x
x0

� + 1
j � j

� < 0

y

x

(x � y )00

__
(x � y )00

For small j� j y ! 0 extremely rapidly as x ! 0

) after short time any initial condition approachesx-axis

Th us:

� dynamicse�ectiv ely one-dimensional

Goal:

� obtain description of higher-dimensionalsystemin terms of theseone-dimensional
dynamics

Note:

� description will be valid at most after decay of transients: forget certain details of
initial conditions

To get mathematically justi�ed description need� ! 0: separation of time scales.

For � = 0 there are 3 typesof eigenvectors/eigenspaces:

{ stable eigenspaceE (s) = f x j x =
P

� i v
(s)
i g

v(s)
i are the eigenvectorsof linear systemwith Re(� s

i ) < 0
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{ center eigenspaceE (c) = f x j x =
P

� i v
(c)
i g; Re(� (c)

i ) = 0

{ unstableeigenspaceE (u) = f x j x =
P

� i v
(u)
i g; Re(� (u)

i ) > 0

Th us:

� Needto be at bifurcation point to have center eigenspace

Extension to nonlinear systems:

Center Manifold Theorem:

For a �xed point x0 with eigenspacesE (s;u;c) there exist stable, unstable, and center
manifolds W (s;u;c) such that W (s) and W (u) are tangent to E (s) and E (u) at x0 and W (c)

is tangent to E (c) at x0.

W (s;u;c) areinvariant under the 
o w. W (s) and W (u) areunique. W (c) neednot beunique.

EE(s)
(s)

(c)

EE(c)

0_xx

Example:

_x = �x + xy � 
 x3

_y = � y + x2

� < 0 : E (s) = R2 E (c) empty E (u) empty
� = 0 : E (s) = y-axis E (c) = x-axis E (u) empty
� > 0 : E (s) = y-axis E (c) empty E (u) = x-axis
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(s)

(c)

xx

yy

mm = 0 = 0

Exp ect:

� for j� j � 1 still fast contraction onto a manifold closeto W (c)(� = 0)

� evolution on that manifold may depend strongly on � sincelinear growth rate goes
through 0.

3.6.2 Reduction to Dynamics on W (c)

Want description of dynamicson W (c) :

x = (x(c) ; x(s))

with x(s) = h(x(c)) and x(c) 2 E (c)

(c)

xx

xx(s)

(c) EE(c)

Note:

� description locally (near the �xed point) possiblesinceW (c) tangent to E (c) at �xed
point

� further away correspondencemay becomemultiv alued.

Example:

_x = �x + xy � 
 x3

_y = � y + x2
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For W (c) to exist needto be at bifurcation point: � = 0

E (c) = f (x; 0)g; E (s) = f (0; y)g

) write x = (x; y) with y = h(x)

insert into o.d.e.:

_y =
dh
dx

_x =
dh
dx

(xy � 
 x3)
!

z}|{
= � y + x2 = � h(x) + x2

Th us:

� obtain nonlinear di�eren tial equation for h(x)

� W (c) tangent to E (c) ) h(x) is strictly nonlinear

� local analysis) expandh(x) for small x

Expansion

h = h2x2 + h3x3 + h4x4 + � � �

inserted

(2h2x + 3h3x2 + � � �)f x(h2x2 + h3x3) � 
 x3g =
!

z}|{
= � h2x2 � h3x3 � h4x4 + x2

collect:

O(x2) : 0 = � h2 + 1 ) h2 = 1
O(x3) : 0 = h3 ) h3 = 0
O(x4) : 2h2(h2 � 
 ) = � h4

h4 = 2(
 � 1)

Th us:

y = h(x) = x2 + 2(
 � 1)x4 + O(x5)

_x = x(x2 + 2(
 � 1)x4 + � � �) � 
 x3

Evolution equation on center manifold:

_x = (1 � 
 )x3 + 2(
 � 1)x5 + � � �

More generally: we want alsodescription for 0 6= j� j � 1
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To usecenter manifold theoremconsidersuspended system

_� = 0
_x = �x + xy � 
 x3

_y = � y + x2

Th us:

� �x is now a nonlinear term

� dynamicsin � -direction is trivial:
value of � is simply given by initial condiiton

Now:

E (c) = f (�; x; 0)g E (s) = f (0; 0; y)g

) y = h(�; x) for (�; x; y) 2 W (c)

Expand h(�; x) in � and x:
to keeprelevant terms in expansionguessrelationship x , � from expectedequation on
W (c)

Symmetries:
Re
ections: (�; x; y) ! (�; � x; y)

) expect
_x = f (�; x) with f odd in x

= a�x + bx3 + � � �

) expect � � O(x2), h even in x

Expand h(�; x) = h20� 2
| {z }

higher order

+ h11�x| {z }
wrong symmetry

+ h02x2 + [h12�x 2 + h04x4] + : : :

Inserted:

_y =
dh
dx

_x +
dh
d�

_�
|{z}

0

= (h11� + 2h02x + 2h12�x + 4h04x3 + : : :)( �x + x(h02x2 + : : :) � 
 x3)

= � (h20� 2 + h11�x + h02x2 + h12�x 2 + � � �) + x2

O(� 2x0) : � h20 = 0
O(� 1x1) : � h11 = 0
O(� 0x2) : 0 = � h02 + 1 ) h02 = 1
O(� 1x2) : 2h02(1 + h10) = � h12

) h12 = � 2
O(x4) : � 2h02
 + 2h2

02 = � h04

h04 = 2(1 � 
 )
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y = x2 � 2�x 2 + 2(1 � 
 )x4

_x = �x + x(x2 � 2�x 2 + 2(1 � 
 )x4) � 
 x3

Evolution on center manifold

_x = �x � (
 � 1 + 2� )x3 +
h
2(1 � 
 )x5 + : : :

i

Th us:

� For 
 > 1 supercritical pitchfork bifurcation
For 
 < 1 subcritical pitchfork bifurcation

Equiv alent result by multiple-scale analysis

Consider

_u = L u + N (u; u)

Analogousto Hopf: expandfor small amplitudes A in the `direction' of the critical eigen-
vector of the linearizedoperator

L = L0 + �L 1;

u = � � A(T) v1 + � 2� u2(T) + : : :

with
L0 v1 = 0

control parameter � = � 1�
T = � � t

L0 singular ) solvabilit y condition for

L0u2 = N (Av1; Av1)
L0u3 = N (Av1; u2)

Pick scalingsuch that @T A is determinedthrough a solvabilit y condition that alsocontains
� 1.

Symmetries suggestscaling: e.g. pitchfork:

A3 � @T A � � 1A

Solvabilit y condition will ariseat O(� 3=2)

Note:

� Center-Manifold reduction � adiabatic elmination of damped modes� slaving
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4 Pattern Formation. PDE's

Bifurcation Theory and reduction of dynamics also applicable to high-dimensionalsys-
tems, PDE's.

Examples: Convection
T

T+   TD
Taylor vortices

W

Patterns form through instabilit y:

{ growth rate passesthrough 0

{ bifurcation

) separationof time scales
) reduction of dynamicsto lower dimension

4.1 Amplitude Equations from PDE

Simple model system: Swift-Hohenberg equation

@t  = � � (@2
x + 1)2 �  3

This model captures many aspects of realistic systems. Was originally derived semi-
quantitativ ely for the temperature at the mid-plane in Rayleigh-B�enard convection.
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� Control parameter: � � � T; 


� Basic state:  = 0 exists for all �

� Linear stabilit y:

@t  = � � (@2
x + 1)2 

| {z }
@4

x  +2 @2
x  +  

Constant coe�cien ts: Fourier ansatz

 =  0eiqx+ � t

� = � � (� q2 + 1)2

Instabilit y threshold: � = 0 � = (1 � q2)2

stable

unstable neutral curve             

q=1c

m

q

Th us:

� Basic state stable for � < 0

� Basic state �rst destabilizedat � c = 0 with q = qc � 1.

� Basic state unstable to modeseiqx for � > 0 with qmin � q � qmax .

� Considersinglewave number q = qc � 1

 = Aeix + Be2ix + C + De3ix + Ee4ix + � � � + c:c:

Insert into Swift-Hohenberg equation and sort by Fourier modes

@tA = �A �
�
3jAj2A + 3DA � 2 + : : :

�

@tB = (� � 9)B �
�
6jAj2B + 3EA � 2 + 3A2C + : : : +

�

@tC = (� � 1)C �
�
6jAj2C + 3BA � 2 + 3B � A2 + : : :

�

@tD = (� � 64)D �
�
6jAj2D + A3 + � � �

�
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Th us:

� CoupledODE's: in�nitely many

� Damping increasesstrongly for higher harmonics

) weakly nonlinear approach should work
{ center manifold � eix

{ eliminate harmonics adiabatically

Expect expansion

 = �Ae ix + � 3De3ix + � 5F e5ix + � � � + c:c:

with
� = � 2� 2

A = A(T) T = � 2t slow time-dependence

Insert and get solvabilit y condition at O(� 3).

Note:

� expansioncould be donefor q 6= qc if � � (1 � q2)2

4.2 Ginzburg-Landau Equation

So far  is strictly periodic, with qmin < q < qmax

qmin

m

maxq q

Expect: alsoslight variations in wave number possiblewith qmin < q(x) < qmax

What is their dynamics?
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How can we describe them?

We had

 (x; t) = �A (T)eiqx + O(� 3) with qmin < q < qmax

= � A(T)ei (q� 1)x

| {z }
A(X ;T )

eix + O(� 3)

q � 1 = � Q small deviation from critical wavenumber X = �x slow spacevariable

Th us:

� Slow spatial variation allows di�eren t wavenumbersand solutionsthat arenot quite
periodic

Expansion:

 = �A (X ; T)eix + � 3D(X ; T)e3ix + : : : + c:c:

with T = � 2t; X = �x; � = � 2� 2

Note:

� scalingcan be \guessed"by using symmetry arguments.

Needsomeexpressions:

@t ! � 2@T

@x ! @x + �@X

@2
x ! @2

x + 2�@x@X + � 2@2
X

@4
x ! @4

x + 4�@3
x @X + 6� 2@2

x @2
X + O(� 3)

i) O(� ) :

0 = 0

formally we have L 0 = � (@2
x + 1)2 singular sinceL 0eix = 0

) expect solvabilit y condition

ii) O(� 2)

0 = � (4(� i )@xA + 2 � 2i@xA)

is already satis�ed

Note:
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� Can check that this condition is automatically satis�ed for expansionaround min-
im um of neutral curve.

iii) O(� 3):

eix : @T A = � 2A � (6(� 1)@2
x A + 2@2

x A) � 3jAj2A

e3ix : 0 = 64D � A3 ) D =
� A3

64

Th us: Ginzburg-Landauequation

@T A = 4@2
X A + � 2A � 3jAj2A

Notes:

� Solvabilit y condition through mode eix sinceL 0 eix = 0
(could have kept term � 3A3eix in expansion;it would not have beenable to balance
inhomogeneity)

� Special form of nonlinear term: spatial translation symmetry

 (x + � x; t) = � A(X ; T)ei � x

| {z }
A(X ;T )ei�

eix + � � �

Phaseshift symmetry: x ! x + � x , � ! � + � x q
|{z}

1

Simple periodic solution:

A = ReiQX with R2 =
1
3

(� 2 � 4Q2)

then

 = �R eiQX eix + � � �

givessolutions with wavenumber q = 1 + �Q

wave number 
  band

q

m
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4.3 Slow Dynamics Through Symmetry . Phase Dynamics

Considerpattern in large, translation-invariant system

Wave number can vary slowly in space:
{ will pattern relax to constant wave number?
{ can dynamicsbe described in simple terms?

Translation symmetry: can shift pattern by arbitrary amounts and no restoring force
mathematically: linearization has0 eigenvalue

ansion compression

Exp ect: Dynamics only from gradients in translation
if expansion/compressionoccurs on longer and longer spacescales,relaxation becomes
slower and slower.
Mathematically: for long-waveperturbations the 0-eigenvalueis only perturbated slightly:
small eigenvalue = slow dynamics

) Long-wave dynamicsslow
) Separationof time scales
) Reduction in dynamicspossible

ConsiderGinzburg-Landauequation:

@tA = @2
x A + �A � jAj2A

Note:

� rescaledspaceand amplitude

� write spatial variable in Ginzburg-Landauequation now as fast variables

Rewrite in magnitude and phase:A = Rei�

@tR = @2
x R � (@x � )2R + �R � R3
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@t � = @2
x � + 2@x �

@xR
R

Note:

� @t � ! 0 as @x � ! 0: long-wave dynamics

Considerpattern with almost constant wavenumber:

� = qx + � �( X ; T); X = �x; T = � 2t
| {z }
superslow scales

R = R0 + � 2r (X ; T)

need

@x � = q+ � 2@X � @2
x � = � 3@2

X � @xR = � 3@X r

inserted:

O(� 0) : 0 = (� � q2)R0 � R3
0 ) R0 =

q
� � q2

O(� 2) : 0 = � 2q@X � R0 � q2r + �r � 3 R2
0|{z}

� � q2

r

= � 2q@X � R0 � 2(� � q2)r

r = �
qR0

� � q2
@X �

O(� 3) : @T � = @2
X � + 2

q
R0

@X r

= @2
X � +

2q
R0

 
qR0

� � q2

!

@2
X �

= @2
X �

(

1 �
2q2

� � q2

)

Thus:

@T � = D @2
X �

D =
� � 3q2

� � q2

Notes:

� Relaxation of wavenumber gradients is di�usiv e
(symmetry arguments: re
ection symmetry in spacebut not in time)
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� Di�usion coe�cien t can be negative, sinceneutral curve is given by � = q2:
Eckhaus instabilit y at � = 3q2

mm

Þ

SH

stable

q q

� Eckhaus instabilit y is universal instabilit y of steadyone-dimensionalpatterns
! e.g. experiments in Taylor vortex 
o w

Notes:

� Nonlinear evolution of Eckhaus instabilit y:
{ no saturation of instabilit y
{ phaseslip ) changein wave number

General Mec hanism for Slow Dynamics:

Breaking of continuous symmetry

) continuous family of solutions
) slow long-wave dynamicswhendi�eren t membersof the family areconnectedspatially

Further example: oscillation in systemwith time-translation symmetry

e.g. Hopf bifurcation: complexGinzburg-Landauequation

@tA = �A � (1 + ic3)jAj2A + (1 + ic1)@2
x A

simple traveling-wave solutions:

A = Reiqx+ i! t with ! = c3q2 + c1R2 R2 = � � q2

continuous family of solutions A ) Aei�

allow slow variation of phase) � = � (x; t) again phaseequation

@T � = vg@x � + D@2
x �

Near stabilit y limit D � 0
) in co-moving frame

@T � = D@2
x � + g@4

x � + h(@x � )2
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Kuramoto-Sivashinskyequation

Note:

� Kuramoto-Sivashinsky-equationcan display chaotic dynamics
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5 Chaos

in 2 dimensions:at most periodic orbits (Poicar�e-Bendixsontheorem)

) Consider3-dimensionalsystems

Visualization: reduceto maps instead of 
o ws

5.1 Lorenz Mo del

Convection

Simple Model
T

T+   TD
Stream function:

 = 2
p

6X (t) cos� z sin

 
�

p
2

x

!

with (u; w) = (� @t  ; @x  )

Temperature:

T(x; z; t) = � r z| {z }
basicpro�le

+ 9� 3
p

3Y(t) cos� z cos

 
�

p
2

x

!

| {z }
critical mode

+
27� 3

4
Z(t) sin2� z

| {z }
harmonic mode

Rayleigh number r control parameter

critical wave number qc = �p
2

Galerkin projection back on the sametypesof modes:

_X = � � (X � Y)
_Y = rX � Y � ZX
_Z = b(X Y � Z )

Notes:

� model constitutes severe truncation of Galerkin expansionfor free-slip boundary
conditions
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3

Demos: Excellent Java programsby M. Cross(Caltech) at
http://www.cmp.caltech.edu/%7emcc/Chaos Course/Lesson1/Demos.html

Demo 1: Lorenz A ttractor

increaser (= a in Crossprogram): 0.5 1.2 1.8 10 24 24.424.525.
transitions occur at: r=1 r=24.45

Demo 8: Sensitiv e dependence on initial conditions
simulation with x0 = 2 y0 = 5 z0 = 20 and z0 = 20+ � z
r (= a) = 28 � (= c) = 10 b= 8=3 � z = 10� 3 10� 5 10� 7

x � z plot (top option on web pageof demo8) and
x � t plot (bottom option on web pageof demo8)

Question: Can oneget a simpler representation?

Lorenz map:

z

t

z zn n+1

Zn+1

Zn

3picture of Lorenz attractor missing

88



Demo: chemical oscillations(Swinney et al:) ) WWW

Note:

� the reduction to a map is only approximate:
original ode's can alsobe solved backward
map cannot be iterated backward: f � 1(z) multiple valued

� the line is actually not a line, but has �nite thickness
herethicknesssmall ) approximation shouldgivea good ideaof dynamicsof system.

Poincare Section:

Dimensionof systemcan be reducedby monitoring only locations where 
o w `pierces'a
certain surface(e.g. x � y-plane):

� periodic orbit ) �xed point

� quasi-periodic orbit (2 frequencies)) closedloop (not periodic)

� chaotic orbit ) ??

5.2 One-Dimensional Maps

Considermapsas dynamical systems

xn+1 = f (xn )

Example: logistic map

xn+1 = axn (1 � xn )

Note:

� this map could be thought of a (very poor) numerical solution of logistic di�eren tial
equation

Graphical iteration
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0 x1 x2 1
Cobweb diagram

Þ
shortcut

x2

Vary a:

stable fixed point

a < 1 a > 1

unstable

stable

For a = 1 the �xed point x = 0 becomesunstable

x = ax � ax2 ) 0 = x (a � 1 � ax)

x(1) =
a � 1

a
Transcritical bifurcation:

a > 1

stable 

a < 1

unstable 

Stabilit y Analysis:

linearizearound �xed point x f

xn = x f + � ~xn
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x f + � ~xn+1 = f (x f + � ~xn ) = f (x f ) + � ~xn f 0(x f )
) ~xn+1 = ~xn f 0(x f )

) ~xn grows for jf 0(x f )j > 1 ~xn decays for jf 0(x f )j < 1

Stabilit y of �xed point x1 = a� 1
a :

f 0(x1) = a � 2ax1 = a � 2(a � 1) = 2 � a

jf 0(x1)j < 1 for 1|{z}
transcritical

< a < 3

Demo: what happensat the bifurcation at a = 3:0?

) convergesto period-2 solution

n

odd n

even n

 1   2   3   4  

xn

Determine period-2 solution:
period 2: �xed point under seconditerate of f (x)

xn+2 = f (xn+1 ) = f (f (xn )) � f (2) (xn )
= axn+1 (1 � xn+1 ) = a (axn (1 � xn )) (1 � axn (1 � xn ))

Fixed point of f (2) : xn+2 = xn

x(2) = f (2) (x(2) )

can be factored as

� x(xa + 1 � a)
| {z }

known �xed points

(a2x2 � a(1 + a)x + 1 + a) = 0

x(2)
1;2 =

1
2a

8
>>><

>>>:

1 + a �
p

a2 � 2a � 3| {z }
x (2)

1;2 exist for a> 3

9
>>>=

>>>;
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CrossDemo 3
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Period-Doubling Cascade

d1

d2

d3x = 12X

a1 a2 a3 a4
a

Scalingof bifurcations:

lim
n!1

an � an� 1

an+1 � an
= � = 4:669:::

lim
n!1

dn

dn+1
= � = � 2:5029:::
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n

xn

`Chaotic' regime,periodic windows:
a = 3:83 ! 3:85 ! 3:86
a = 3:83 ! 3:82
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Tangent bifurcation (saddle-node bifurcation) at 1 +
p

8 = 3:8284
Cascadein periodic window

Intermittency near saddle-node bifurcation: a = 3:82837

Exact Solution for a = 4

xn+1 = 4xn (1 � xn )

let xn = sin2 � n xn+1 = sin2 � n+1

) sin2 � n+1 = 4sin2 � n (1 � sin2 � n| {z }
cos2 � n

) =

= (2 sin� n cos� n )2 = sin2(2� n )

) dynamicsin � simple

� n+1 = 2� n

) � n = 2n � 0

Perturb initial condition ~� 0 = � 0 + �

xn � ~xn = sin2(2n (� 0)) � sin2(2n (� 0 + � )) =

=
1
2

�
1 � cos(2n+1 � 0) �

n
1 � cos(2n+1 (� 0 + � ))

o�

=
1
2

h
cos(2n+1 (� 0 + � )) � cos(2n+1 � 0)

i
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The cosinesdi�er substantially if

2n+1 � = �

) (n + 1) =
ln � � ln �

ln 2

Example:

� 10� 5 10� 6 10� 7

n + 1 18 22 25

Th us:
The time over which the two solutions stay close to each other increasesvery slowly
(logarithmically) with � :
Sensitiv e Dep endence on Initial Condition .

Experiments in a convection cell by Libchaber, Fauve, Laroche (Physica D 7 (1983) 73)
(seeWWW):

� = 4:4 � 0:1

5.3 Ly apuno v Exp onents

We had:
logistic map: irregular looking behavior
Lorenz model: qualitativ ely sensitive dependenceon i.c.

Quan titativ e measure for sensitivity: Lyapunov exponent

Extension of linear stabilit y
Consider�rst 
o ws: For �xed points only relevant question:

How fast is �xed point approached (or left)
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For period orbits:

� attractivit y transverseto orbit

� along orbit marginally stable: time-translation symmetry ) 0 eigenvalue

Orbits with similar initial conditionsdo not divergerapidly, at most they do not get closer
(if one is `ahead'of the other along the orbit)

Measuredistancebetweenorbits with nearby i.c.
Focus on behavior of di�eren t tra jectorieson attractor (long-term behavior) rather than
on the approach towards attractor (transients).

Considerfor simplicity 1-d map:

start with i.c.

x0 & x0 + � 0 ) xn & xn + � n

�
�
�
�
�
� n

� 0

�
�
�
�
�
=

�
�
�
�
�
f (n)(x0 + � 0) � f (n)(x0)

� 0

�
�
�
�
�
!

�
�
�f (n) 0

(x0)
�
�
� for � 0 ! 0

f (n) 0
(x0) =

d
dx

f (f (: : : f (x))) jx� x0 = f 0(f n� 1(x0)) � f 0(( f n� 2(x0)) � : : : � f 0(x0) (� )

=
n� 1Y

i =0

f 0(x i ) with x i = f (i )(x0)

If f 0(x i ) � const: expect
�
�
�
�
�
� n

� 0

�
�
�
�
�
� � n = e�n for large n

De�ne Lyapunov exponent � :

� = lim
n!1

lim
� 0 ! 0

1
n

ln

�
�
�
�
�
� n

� 0

�
�
�
�
�
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Note:

� For each �nite n, � 0 is taken in�nitesimal and only then n ! 1

For one-dimensionalmap:

� = lim
n!1

1
n

n� 1X

i =0

ln jf 0(x i )j

Note:

� In generalLyapunov dependson initial condition
) averageover di�eren t initial conditions

� In ergodic systems� independent of initial conditions: any point on attractor is
visited.

Limitations on predictions for xn :

j� n j = � 0e�n

To predict with an error � and an initial precision�

n =
1
�

ln
�
�

As found in demosimulations of Lorenz model:
duration of prediction grows only logarithmically with precisionof initial data:
each 10-fold increasein initial precisionincreasesprediction interval only by a constan t
duration n10:

n10 =
1
�

ln 10

Example: � for periodic orbit

Considerf at a parametervalue with a stable p-cycle:

f (p)(x i ) = x i for i = 0; : : : ; p � 1

Thus f (p) hasp �xed points, which are stable by assumptionof a stable p-cycleof f (x)

) jf (p) 0
(x i )j < 1
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� = lim
n!1

(
1
n

n� 1X

i =0

ln jf 0(x i )j

)

=
1
p

p� 1X

i =0

ln jf 0(x i )j sincethe cycle repeats itself at xp = x0

=|{z}
using (� )

1
p

ln jf (p) 0
(x i )j| {z }

< 1

< 0

Note:

� As expectedstable periodic orbit hasnegative Lyapunov exponents.

� 0 eigenvaluehasdisappearedbecauseof transition from 
o w to map (the map would
formally be the sameeven if the underlying systemwas forcedperiodically in time
) no time translation symmetry).

� Superstableorbits have f 0(x i ) = 0 for at least onex i of the periodic orbit:
) � ! �1

Example: Tent Map

f (x) =

(
r x for 0 � x � 1

2
r (1 � x) for 1

2 � x � 1

r

Lyapunov exponent:

f 0(x) = � r for any x ) � = ln r

Thus:

� expect sensitive dependenceon i.c. for r > 1

Example: Logistic Map

Demo 4 by Cross
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Note:

� period doubling cascade
� = 0 at period-doubling bifurcation: f (p) 0

= 1 changeof stabilit y.

� superstableorbits: � ! �1
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� periodic windows

Th us:

� onede�ning feature of chaotic dynamic is a positive Lyapunov exponent

� in n-dimensionalsystemsn exponents, somepositive, some0, somenegative.

Note:

� Lyapunov exponent positive
) on averagetra jectoriesdivergeexponentially
intervals [xn ; xn + � n ] in phasespaceare stretc hed exponentially

n = 3

n = 2

n = 1

x1 x1 + d1

But : all points x con�ned to [0; 1] ) separationlimited by 1

Resolutionof paradox:
\Stretc hing and Folding"

Example: tent map
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}}

intervals away 
from maximum 
are simply stretched            

intervals involving
maximum are also
folded

folded over

Th us:

� For boundedattractor positive Lyapunov exponent implies stretching and folding.

� For one-dimensionalmapsfolding implies that the map is not invertible

5.4 Tw o-dimensional Maps

For 
o ws

_x = I (x)

Each state has
{ unique future
{ unique past

���������

1 1

�	�
�����

22

y

x
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i.e., orbits do not intersect (except at �xed points)
) in mapsthat are derived from such 
o ws each state must have
{ unique image: xn+1 = f (xn )
{ unique pre-image: xn = f � 1(xn+1 )

) in 1 dimensionf (x) must be monotonic

xn+1

nx
in����� se unique

n+1x

nx
in����� se not unique

Chaotic dynamicsrequire stretching and folding
) chaotic 1-dimensionalmapsnon-invertible

for pre-imageneedto know from which of the two layers to start from
in 2 dimensionsthis may be possible.

2-d mapscan exhibit chaos:

Poincar'e sectionof 3-d 
o w (e.g., Lorenz system)

Flow can be run backward: ) map invertible.

2-d mapsmore representativ e of chaotic 
o w than 1-d maps

Example: Dissipative Baker's Map
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0

1

1
2

2

a

_

0

0

a

1

1 1

(xn+1 ; yn+1 ) =

(
(2xn ; ayn ) for 0 � xn < 1

2
(2xn� 1; ayn + 1

2) for 1
2 � xn � 1

Require0 < a � 1
2

Notes:

� map exhibits stretching in x-direction

Consider(xn + � n ; yn ) and (xn ; yn )

� n+1 = 2� n except if xn <
1
2

and xn + � n >
1
2

for small � n this happensvery rarely

) � 1 = ln 2

� map discontinuous: folding replacedby cutting.

� in the y-direction contraction

� For a = 1
2 area is preserved by map: systemis not dissipative.

Example: Conservative Baker's Map
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(xn+1 ; yn+1 ) =

(
(2xn1 ; 1

2yn ) 0 � xn < 1
2

(2xn� 1; 1
2yn + 1

2) 1
2 � xn � 1

Simple description of dynamicsin `binary' notation:

xn = a1
1
2

+ a2
1
4

+ a3
1
8

+ � � � yn = b1
1
2

+ b2
1
4

+ b3
1
8

+ � � �

written as

(xn ; yn ) = : : : b3b2b1:a1a2a3 : : :

Calculate (xn+1 ; yn+1 ):

For 0 � xn < 1
2

xn+1 = 2xn = a1|{z}
0

+ a2
1
2

+ a3
1
4

+ : : : = : a2a3a4 : : :

yn+1 =
1
2

yn = b1
1
4

+ b2
1
8

+ : : : = : : : b3b2b10:

1
2 � xn � 1

xn+1 = a1 + a2
1
2

a3
1
4

+ : : : � 1 = : a2a3a4 : : :

yn+1 = b1
1
4

+ b2
1
8

+ : : : +
1
2

= : : : b2b11:

Th us:

(xn+1 ; yn+1 ) = : : : b3b2b1a1:a2a3a4 : : :

� The dynamics are given by a simple shift in the binary representation of the initial
conditions.

Conclusions:
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� Depending on initial conditions the map has

{ periodic orbits of arbitrary period (\rational" initial conditions),
countably many

{ aperiodic orbits, (\irrational" initial conditions)
uncountably many

� each iteration ampli�es error in x-direction by factor of 2 (� 1 = ln 2)

Speci�c example:
monitor only whetherx > 1

2 or x < 1
2, i.e., monitor only �rst digit after binary point

if initial condition is known with resolution 2� m , i.e. am is the last known digit,
) after m iterations am+1 determines\left" or \righ t":
outcomecompletely unknown sinceonly a1 : : : am are known:
deterministic systembehaveslike completely random coin toss.

Note:

� Long-term behavior strongly a�ected by dissipation
Evenfor weakdissipation(a � 1

2) only initial behavior similar to that of conservative
system. Thus chaotic behavior of dissipative systemhas to be studied separately.

5.5 Diagnostics

5.5.1 Power Spectrum

For periodic signals: frequency

extension: spectrum

~x(! ) =
1

2�

Z 1

�1
x(t) e� i! tdt

periodic signal: singleoscillator

ww0 w0 w02 3

w  ê                                                        x( )  ê                                                        ~

���������
	���
��
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2 coupledoscillators

ww1 w0 w02

+w1w0

���������
	���
�����	���� equencies

chaotic signal

chaotic signal

broadbandwith possiblepeaks

Realistic time series:

� �nite duration T ) lowest frequency! min = 2�
T

� �nite sampling rate � t ) highest resolved frequency! max = 2�
� T

~xk =
N � 1X

j =0

x(t j ) e� i! k t j

with

t j = j � t ! k =
2�
T

k T = N � t

Only discretefrequenciesin the spectrum

Demos:Cross1

Why is there a broad \p eak" even for the periodic signal?

Fourier seriesassumessignal perio dic with period T
but
Time seriesin generalnot perio dic with period T
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t

ideal time series

T0

}

Dt

real time series

dotted line indicatesvaluesat discretetimes

Real time seriesis not smooth at t = T

Expressrealistic time seriesin detail:

x̂(t) = f (x(t) H (t; T)) 
 S(t; T)g S(t; � T)

with

S(t; � ) =
1X

n= �1
� (t � n� )

t0 t t2

Window function

t0 T

H (t T)

Convolution:

f (t) 
 S(t; T) =
Z 1

�1
f (t0)S(t � t0; T) dt0 =

=
Z

f (t0)
1X

n= �1
� (t � t0 � nT )dt0

=
1X

n= �1
f (t � nT)
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Then:

x̂(t) = [(x(t)H (t; T))


 S(t; T)]

S(t; � t) sampledat discretetimes

T

periodically repeated

Now we can take usual Fourier transform of x̂(t) to get idea of the transform of realistic
data

Fourier transformation and convolution:

Z 1

�1
e� i! t f (t) 
 g(t) dt =

Z 1

�1
e� i! t

Z 1

�1
f (t0)g(t � t0) dt0dt

=
Z Z

e� i! (t � t0)g(t � t0)
| {z }

~g(! )

e� i! t0
f (t0)

| {z }
~f (! )

dt dt0

Th us:

� Fourier transform of a convolution is a product

� Fourier transform of a product is a convolution

x̂(t) !
h�

~x(! ) 
 ~H (! ; T)
�

~S(! ; T)
i


 ~S(! ; � t)

with

~H (! ; T) =
Z T

0
e� i! tdt =

i
!

h
e� i! T � 1

i

) j ~H (! ; T)j �

�
�
�
�
�

sin 1
2! T

1
2 !

�
�
�
�
�

~S(! ; � t) =
Z

e� i! t
X

n
� (t � n� t) dt =

X

n
e� i! n� t

| {z }
sequenceof spikes

2

6
6
6
6
4

�
~x(! ) 
 ~H (! ; T)

�

| {z }
broadenedpeak

~S(! ; T)

3

7
7
7
7
5

| {z }
sampledat discretefrequencies! k = 2� k=T


 ~S(! ; � t)
| {z }

spectrum periodically repeated
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looks like 
broadened peak

aliasing
2
 tD t t
P___

P(   )w

w

One cannot seethe oscillations sinceonly discrete frequenciesare available: minima are
at j! Tj = 2� k except for k = 0 and frequenciesare separatedby 2� k=T.

Th us:

� needsu�cien tly long time series:
T large ) ! min small

� needsu�cien tly �ne sampling:
! max large to avoid aliasing

� `windowing' to minimize broadening

5.5.2 Strange A ttractors. Fractal Dimensions

Chaotic attractors have complexgeometry: characterizeit quantiativ ely

Example: Dissipative baker's map
Question: to which set of points do random initial conditions convert?
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Any initial condition is mapped into the 2 stripes,which are then mapped into 4 separate
thinner stripes....

In the y-direction the attractor becomesextremely intricate: in�nitely many lines:

� lines ! 1 dimension

� �nite number of iterations still stripes ! 2 dimensions

� n ! 1 in�nitely many lines ) 1 < d < 2

Compareto Cantor set

What is the dimensionof the set for n ! 1 ?

Box Dimension:
Count the minimal number N of boxes of size � that are neededto cover the attractor.
Then

db = lim
� ! 0

ln N
ln 1

�

:

This would correspond to N � (1=�)db.

Examples :

i) Line
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N =
L
�

) db = lim
� ! 0

ln L � ln �
� ln �

= 1

ii) Surface

N =
L2

� 2
) db = lim

� ! 0

ln L � ln �
� ln �

= 2

iii) Attractor of baker's map

pick boxesof size(an )2:

}}

a
a

 in n-th iteration have 2   stripes
of width  a

n

n

n

2n stripes:

N = 2n 1
an

! db = lim
� ! 0

ln N
ln 1

�

= lim
n!1

ln
�

a
2

� � n

ln a� n
= lim

n!1

ln a � ln 2
ln a

! db = 1 +
ln 1

2

ln a

Th us:

� for a ! 1
2 d ! 2

� for a ! 0 d ! 1

� for generala: 1 < d < 2

Note:

� Box dimension does not depend on dynamics on attractor, only its geometry )
de�ne alsoother dimensions
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Correlation Dimension:

For a �xed point x on the attractor determine the number Nx (� ) of other points on the
attractor that lie within a ball of radius � . Then

Nx (� ) � � dc

determinesthe pointwisedimension. Averageover x on the attractor gives

C(� ) = < Nx (� ) > x � � dc

Note:

� Dynamics do enter correlation dimension: where are the points dense,where not,
i.e. wherein phasespaceis the systemmore often?

� onecan show dc � db

but usually dc � db

Note:

� there are further dimensions:
whole spectrum of dimensionsgeneratedby weighing the probability of �nding
points in a small ball with di�eren t powers

Practically:

slope d

ln C(   )Î

Îln

limitation from finite number
of points in sample

saturation trough
size of attraction

        
) needsu�cen tly many points to seepower laws.

Ly apuno v Dimension:

Include dynamicsexplicitly in the de�nition of the dimension

Consider dimension of a box that neither grows nor shrinks under the dynamics point
attractor
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any box with d � 1 shrinks to a point: dL = 0

line attractor

line segments along the attractor are transported along orbit without volume change(on
average),but areacovering the width of the attractor shrinks to a line: dL = 1

torus:

areatransported along orbit, but three-dimensionalvolume would shrink: dL = 2

Growth of � -dimensionalvolumein phasespaceis given by expansionsin the � directions

V(t) = L 1e� 1 t L2e� 2 t L3e� 3 t : : : L � e� � t

for V = const: need

�X

i =1

� i = 0
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1 2

l i

1 2

l i

dimension

S

n

n

i=1

Linear interpolation of

f (n) =
nX

i =1

� i

f (dL ) = 0 � f (� ) + [f (� + 1) � f (� )] (dL � � ) ) dL = � +
f (� )

f (� + 1) � f (� )

Thus, for � such satisfying
P �

i =1 � i > 0 but
P � +1

i=1 � i < 0 the Lyapunov dimensionis given
by

dL = � +
1

j� � +1 j

�X

i =1

� i

Note:

� dL givesa measureof how many degreesof freedomare "activ e"
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6 Summary

Dissipativ e Dynamical Systems:

� long-time behavior given by attractors:

�xed points

fixed point
periodic orbits

periodic orbit

quasiperiodic orbits

quasiperiodic orbit

strangeattractors

� qualitative changesin behavior
- instabilities
- bifurcations ) new solutions, sequenceof bifurcations, period-doubling cascade

� reduction of dynamics:
separationof time scales) adiabatic elimination of fast degreesof freedom
- near bifurcations: center manifold reduction
- continuoussymmetries: slow long-wave dynamics
- conservation laws: slow long-wave dynamics(e.g. Navier-Stokesequations)

� symmetriescan play an important role:
establishform of equation for reduceddynamics) scaling
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7 Insertion: Numerical Metho ds for ODE

Discussa few important methods and core issuesfor numerical solution of

_x = f (x; t)

Consider�nite-di�er ence methods for time stepping:
continuousanalytical solution is replaceddiscretesequenceof values

Seekapproximation for u(t + � t) for small time step � t.

ui

ui+1

t i t i+1 t i+2

u

t

u = f(u,t)

Notation:

� Useu for numerical solution and x for exact solution

� t j = j � � t, uj = u(t j )

7.1 Forw ard Euler

There are two ways to look at this approximation

i) Taylor Expansion

uj +1 = uj + � t
duj

dt

�
�
�
�
�
t= t j

+
1
2

� t2 d2u
dt2

�
�
�
�
�
t= t �

| {z }
Error

Notes:

� the time t � is not known: this term constitutes the error term

Using _x = f (x; t):

uj +1 = uj + � t f (uj ; t j ) + O(� t2)

Notes:
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� Local error O(� t2)

� Global error: integrate from 0 to T = N � t

) E (global) �
NX

j =1

E (local)
j � N E (local)

j �
T
� t

O(� t2) = O(� t)

First-order scheme.

) expect schemeto approximate exact solution better and better as � t ! 0.

But: if unstableschemewill not converge ! later.

Assessment of accuracy:

in practical situation error is not explicitly available (no exact solution)

compareu(� t )
N with u(� t=2)

N

u(� t )
N = u(ex)

N + a� t

u(� t=2)
N = u(ex)

N + a
� t
2

) u(� t )
N � u(� t=2)

N = a
� t
2

Th us: di�erence is of the order of the error

ii) In tegral Represen tation

Solution of di�eren tial equation can be written as

uj +1 = uj +
Z t j +1

t j

f (u; t)dt

needto approximate integral

Left-end-point rule:
Z t j +1

t j

f (u; t)dt = f (uj ; t j ) � t

again

uj +1 = uj + � t f (uj ; t j ) + O(� t2)

Note:

� more accurate(higher-order schemes)by
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{ higher-orderTaylor expansion
{ higher-orderapproximation of integral:

Adams-Bashforthand predictor-corrector schemes) homework.

E.g. trapezoidalrule for integral

tt t

f(u(t)) 

FE

trapezoidal

j j+1

7.2 Crank-Nic holson

Approximate time derivative at mid-point

du
dt

=
uj +1 � uj

� t
at t j +

1
2

� t

Needto approximate right-hand-sideof di�.eq. alsoat t j + � t=2

uj +1 � uj

� t
=

1
2

f f (uj +1 ) + f (uj )g

Needto solve for uj +1 :

) implicit scheme di�cult for nonlinear equation

Approximate uj +1

f (uj +1 ) = f (uj + � u|{z}
u j +1 � u j

) = f (uj ) +
df
du

� t

Insert in di�eren tial equation

� u
� t

�
1
2

df
du

ju j � u = f (uj )

yields the di�erence scheme

(uj +1 � uj )

"
1

� t
�

1
2

df
du

#

= f (uj ) + O(� t3)

Notes:

� Crank-Nicholsonis 2nd-order scheme

� Crank-Nicholsonis very stable () below), very reliable
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7.3 Runge-Kutta

2nd-order:

K 1 = � t f (t j ; uj )

K 2 = � t f (t j +
1
2

� t; uj +
1
2

K 1)

uj +1 = uj + K 2

Note: uj + K 1=2 is a better approximation fo u during [t j ; t j +1 ]. Useit in f .

4th -order:

k1 = � t f (t j ; uj )

k2 = � t f (t j +
1
2

� t; uj +
1
2

k1)

k3 = � t f (t j +
1
2

� t; uj +
1
2

k2)

k4 = � t f (t j + � t; uj + k3)

uj +1 = uj +
1
6

f k1 + 2k2 + 2k3 + k4g + O(� t5)

Note:

� RK4 is very e�cien t scheme,and it is quite robust (stable).

7.4 Stabilit y

In each time step errors are made

� truncation error (O(� tp))

� round-o� error

Question: do theseerrors grow/accumulate catastrophically?
If yes: schemeunstable and thereforeuseless.

Dependingon the type of equationsat hand more or lessstringent stabilit y requirements
may be useful.

For simplicity: discussonly linear equations.
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De�nition: A di�erence schemeis stable for � t ! 0 if there are C and � such that

k y(t) k� Ce� (t � t0 ) k y(t0) k

with C and � independent of initial condition y(t0) and � t.

Notes:

� for stabilit y require growth to be boundedby an exponential with �xed growth rate

� if exact solutions are known not to grow at all it may be useful to require that
numerical solution doesnot grow either.

Fundamen tal Theorem:

If a schemeis stable and consisten t then it converges

uj ! x(t j ) for � t ! 0

and if local error is O(� tp+1 ) then global error is O(� tp).

Th us:

� consistent: error in each time step can be madesmall (p > 0)

� interpretation: stabilit y guaranteesthat local error doesnot grow too much (growth
rate is bounded)
) total error goesto 0 as error in each step goesto 0

Sketch of Pro of: needto track growth of error.

introducetime evolution operator S(t2; t1)

numerical uj +1 = S(t j +1 ; t j )uj

exact x j +1 = S(t j +1 ; t j )x j + ET (t j )| {z }
truncation error

For linear di�eren tial equation: error evolvesas

ej +1 � x j +1 � yj +1 = S(t j +1 ; t j )ej + ET (t j )
ej +2 = S(t j +2 ; t j +1 )ej +1 + ET (t j +1 ) =

= S(t j +2 ; t j +1 ) [S(t j +1 ; t j )ej + ET (t j )] + ET (t j +1 )
= S(t j +2 ; t j )ej + S(t j +2 ; t j +1 )ET (t j ) + ET (t j +1 )

) en = S(n� t; t0)e0| {z }

propagation
of initial error

+
nX

`=1

S(n� t; `� t) ET ((` � 1)� t)
| {z }

propagation of
truncation error at

time t ` � 1 = (` � 1)� t
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Schemeconsistent: ET = O(� tp+1 )

Stabilit y of scheme

k S(n� t; `� t) v(`� t) k� Ce� (n� `)� t k v(`� t) k

equation linear: samebound for error

en � Ce�n � te0 +
nX

`=1

C e� (n� e)� t
| {z }

� e�n � t

ET ((` � 1)� t)
| {z }

K (t)� tp+1 = O(� tp+1 )

� Ce�n � t f e0 + n � � tK (t)� tpg
en � Ce�t max f e0 + tmaxK (t)g

| {z }

boundedfor
�xed interval [0; tmax ]

� tp

7.4.1 Neumann analysis

Consider

_x = �x with solution x = e� t x0

Allow � to be complex for oscillations. For linear equation Fourier ansatz for numerical
solution

u j = zj u0

zj corresponds to e�t j , � and z complex.

Stabilit y of forward Euler scheme:

uj +1 = uj + � t �u j = (1 + � t � )uj

With Fourier ansatz

uj = zj u0 ) z = 1 + � t �

check growth

jzj = j1 + � t� j =

(
1 + � t � for � 2 R and � t � > � 1

1 + � t2� 2
i for � = i� i 2 iR

use

1 + � � e� for � 2 R

) jzj �

(
e� t �

e� t2 � 2
i

) jzjn �

(
en� t� = e� tmax � � t > � 1
en� t2 � 2

i = e� 2
i � t tmax � = i� i 2 iR

Th us:
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� for � � t > � 1 and for � 2 iR boundedby exponential
) stable accordingto above de�nition

� oscillatory case:numerical growth (although exact solution doesnot grow),
growth rate ! 0 for � t ! 0

� � � t < � 1: schemeoscillatesand oscillationsgrow (for � � t < � 2) although exact
solution decays monotonically: unacceptable .

Note:

� in oscillatory caseonemay not acceptany growth

) forward Euler method consideredunstable for � 2 iR

� Neumann-stable:jzj � 1.
Forward Euler schemeonly Neumann-stablefor � � t > � 1 and � 2 R
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